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Rigorous calculations are performed to study the effective reduction of the nonlinear excitation volumes when
using phase-only masks to condition the pump and Stokes driving fields. Focal volume reduction was achieved
using both a multiplicative operation of the excitation fields as well as a subtractive operation. Using a tunable
optical bottle beam for the Stokes field, an effective reduction of the width of the excitation volume by a factor
of 1.5 can be achieved in the focal plane. Further reduction of the focal volume introduces a rapid growth of
sidelobes, which renders such volumes unsuitable for imaging applications. In addition, phase sensitive detec-
tion was found to provide information from selective sub-divisions of the engineered coherent anti-Stokes Ra-
man scattering excitation volume. In the case of isolated nanoparticles, an apparent resolution improvement
by a factor of 3 is demonstrated, and it is shown that the size of sub-diffraction-limited particles can be accu-
rately determined using phase sensitive detection. © 2010 Optical Society of America
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1. INTRODUCTION
Four-wave mixing (FWM) microscopy techniques such as
third-harmonic generation (THG) [1–3], coherent anti-
Stokes Raman scattering (CARS) [4,5], and stimulated
Raman scattering [6,7] have grown in popularity as imag-
ing tools in biology and nanoscience. These techniques
share in common the interaction of three laser light fields
with the third-order susceptibility of the material in a
tightly focused volume, which induces a coherent signal.
The resolution and spatial contrast in FWM microscopy
are defined by both the size of the focal volume, which is a
multiplication of the incident focal fields, and the far-field
interference of the coherent radiation emitted by the non-
linear sources in focus. The most common implementation
of these FWM techniques involves the use of linearly po-
larized laser fields with Gaussian beam modes and flat
transverse phase fronts, which produce diffraction-
limited spots in the focal region of a high numerical aper-
ture objective lens. Using near-infrared laser fields, the
typical resolution in FWM microscopy is about 300 nm for
a high numerical aperture lens [8].

Besides the size of the focal spot, it is well known that
interference of the induced nonlinear radiation is an im-
portant factor that determines the spatial contrast in the
FWM microscope. In THG microscopy, for instance, the
Gouy phase mismatch between the effective driving field
and the induced radiation is substantial, introducing a
vanishing THG signal in homogenous media while retain-
ing its sensitivity to interfacial structures [9]. Other ex-
amples include the different contrast in epi-detected
CARS, relative to forward detected CARS, due to the
strong phase mismatch in the backward detected direc-
tion [10]. Hence, knowledge of the amplitude and phase of
the induced polarization within the focal region is re-

quired in order to fully describe the imaging properties of
the FWM microscope.

The spatial contrast can be altered by controlling the
amplitude, phase, and polarization of the incident fields.
Whereas phase and amplitude shaping of transverse
beam profiles does not fundamentally produce focal vol-
umes smaller than the diffraction limit [11], the use of al-
ternative beam profiles in coherent nonlinear microscopy
offers additional mechanisms of signal control and prob-
ing capabilities. For instance, the use of radially polarized
light and annular stops has been used to improve the im-
aging properties of the CARS microscope [12]. Beam
modes with alternative phase profiles have also been used
in CARS to achieve an increased imaging sensitivity to in-
terfaces [13–15]. In addition, the combination of beams
with different polarization states and incident fields with
transverse phase jumps has been used to compress the fo-
cal volume in THG imaging, producing higher resolution
images relative to the resolution observed when using
conventional transverse beam modes [16].

In this work, we use rigorous calculations to theoreti-
cally explore several focus engineering schemes in CARS
microscopy that enable novel modes of contrast. So far, fo-
cus engineering schemes have been based on shaping the
focal volume through the multiplicative interaction of
phase-shaped pump and Stokes fields [13–15]. It has been
suggested that the multiplicative interaction of alterna-
tive beam modes can lead to the synthesis of effective fo-
cal volumes that are smaller than what can be achieved
when regular fields with flat wavefronts are used [15].
Here, we briefly discuss some examples and implications
of multiplicative focal volume control in CARS micros-
copy. In addition, we introduce a scheme that enables fo-
cal volume control through a subtractive interaction of
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the pump and Stokes fields. This mechanism is unique to
the dual color coherent nonlinear interaction and offers
additional routes for minimizing the effective volume
from which the CARS signal is emitted. Lastly, we discuss
the possibility of probing information from select phase
domains within the focal volume through CARS interfer-
ometry. We show that the latter scheme can be used to de-
termine sizes of particles with sub-diffraction-limited di-
mensions. We discuss these schemes in the context of
FWM imaging of nanostructures based on electronic
CARS contrast.

2. THEORETICAL APPROACH
To accurately model the effects of phase and amplitude
shaping on the CARS excitation volume, we use a fully
vectorial description of the electric field. The focal field
profiles of the pump and Stokes input beams in the vicin-
ity !x ,y ,z" of the focal spot of a high numerical aperture
lens can be written in angular spectrum representation as
[17]
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Here f is the focal length of the lens, ! is the incident
wavelength, Einc refers to the incident electric field, and
n1 and n2 are the refractive indices of the media before
and after the objective lens, respectively. The polar and
azimuthal angles are indicated by " and $, respectively,
and "max denotes the numerical aperture of the objective
lens. R$ and R" are the coordinate transformation matri-
ces that account for refraction at the curved surface of the
lens and are written as
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This description enables the calculation of the focal
field associated with an input field Einc of arbitrary am-
plitude and phase. For the simulation results presented
below, the pump and Stokes wavelengths are taken as
816 and 1064 nm, respectively. The focal volume that is
simulated is 1.5 &m%1.5 &m%3 &m in !x ,y ,z", respec-
tively, with a grid size of 25 nm in all three dimensions.
All simulations assume a water immersion lens with a
numerical aperture of 1.1. The incident electric field Einc
at the back aperture of the objective lens is assumed to be
uniform in amplitude, while the phase profile is modified
by the phase mask. The phase mask patterns used in this
work to generate optical bottle beam (OBB) and
Hermite–Gaussian10 (HG10) profiles are shown in Fig. 1

and in Fig. 5 below. The focal fields were calculated by nu-
merically solving Eq. (1) using Simpson’s 1/3rd rule.

The focal fields interact with the material’s third-order
nonlinear susceptibility '!3" to generate a nonlinear polar-
ization in the vicinity of the focus )r*!x ,y ,z"+ [18]:

P!3"!(as,r" = )0'!3"!− (as;(p,(p,− (S"Ep
2!(p,r"ES

! !(S,r",

!4"

where (as=2(p−(S is the CARS emission wavelength, )0
is the electric permittivity, and '!3" is a fourth rank tensor.
In this work, we will focus on FWM imaging of nanostruc-
tures based on the electronic response of the material.
Within this framework, we will assume that '!3" is purely
real. The components of the complex nonlinear polariza-
tion are spatially dependent because of the effective inter-
action volume Ep

2!(p ,r"ES
! !(S ,r" and the spatial depen-

dence of '!3" as dictated by the sample. Changing the
incident field profiles will thus change the spatial profile
of P!3"!(as ,r" through the intrinsic multiplicative interac-
tion of the pump and Stokes fields with the medium.

The nonlinear polarization acts as a source of radiation,
which can be modeled by describing the polarization as a
collection of dipoles that radiate coherently at (as. The re-
sulting electric field at a far-field coordinate point R is
calculated by integrating the fields from all these dipole
emitters [19]:
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where k is the magnitude of the wave-vector of the CARS
field, and V is the excitation volume. The far-field optical
intensity is obtained by integrating the far-field electric
field over the far-field detection area:
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Here "det=60° is the collection angle defined by the con-
denser lens, and R is the distance of the far-field detection
surface from the focal point.
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Fig. 1. (Color online) Schematic of the CARS excitation scheme
for multiplicative focal volume shaping. The Stokes beam is re-
flected off the SLM and combined with the pump beam on a di-
chroic mirror. A typical phase mask pattern to generate an OBB
at focus is also shown.
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3. MULTIPLICATIVE FOCAL VOLUME
SHAPING
The nonlinear polarization in the focal volume is shaped
by the amplitude and phase of the incident pump and
Stokes fields. In standard coherent Raman microscopy,
the incident fields are usually derived from Gaussian
shaped laser beams with a flat transverse phase fronts.
Upon focusing, the field distribution of each incident wave
is determined by diffraction, resulting in diffraction-
limited volumes in the focal region. Coherent Raman in-
teractions being nonlinear processes result in effective ex-
citation volumes smaller than the diffraction-limited
volumes of the individual fields. The multiplicative opera-
tion at the CARS focal volume can be used to tailor the
focal volume profile by separately shaping the beam pro-
files of the input pump and Stokes. The multiplicative na-
ture of the field interaction in coherent nonlinear micros-
copy opens up the possibility to generate effective
excitation volumes with shapes and sizes beyond what
can be achieved in linear optical microscopy. In this sec-
tion we investigate through simulations the possibility of
creating unique CARS excitation profiles.

Annular phase and amplitude shaping generally pro-
duces a focal volume characterized by a tighter center
lobe and enhanced sidelobes. An example includes
Toraldo-type focal fields, which exhibit substantial nar-
rowing of the center lobe with increasingly higher contri-
butions from the sidelobes [20]. The appearance of the
sidelobes generally precludes the use of such focal fields
for enhancing the resolution of the microscope. In CARS,
however, the effect of the sidelobes of one of the excitation
fields can be reduced through the multiplicative operation
with the second field [15]. To examine this effect, we con-
sider the simplest form of a Toraldo-type field, the so-
called OBB [21]. An OBB is formed with an annular
phase-only mask with an annular area of inner radius *
which imparts a # phase shift to the transverse profile of
the beam relative to the center core of the beam. By ad-
justing *, focal fields with a center lobe of arbitrary width
can be generated at the expense of growing contributions
of the sidelobes.

A schematic of the implementation of the CARS excita-
tion scheme considered is shown in Fig. 1. The Stokes
beam can be modulated with, for instance, a spatial light
modulator (SLM) with concentric 0-# phase pattern as
shown in the phase mask profile. The normalized radius *
of the 0-# phase partitioning is varied, and its effect on
the focal CARS excitation profile is studied below. The
OBB can be considered as a superposition of Laguerre–
Gaussian modes LG00 and LG02 [21]; the variation of
phase partition radius redistributes energy between the
two LG modes and creates different focal field profiles.
Different schemes to generate OBBs using holograms
[21], phase masks [22], and adjustable foci with interfer-
ence of Gaussian beams [23] have been studied.

Figure 2 shows the focal field profiles in the focal plane
for pump, Stokes, and the calculated CARS excitation.
The pump focal field resembles an Airy disk pattern [see
Fig. 2(a)] when the back aperture of the objective is illu-
minated with a uniform phase front [see Fig. 2(b)]. The
Stokes beam is phase modulated using a phase mask with

a partition radius *=0.62. In this case, the Stokes field ex-
hibits a weak center lobe and a strong donut-shaped side-
lobe [see Fig. 2(c)], with the phase of the strong donut-
shaped # out of phase from the weak center lobe [see Fig.
2(d)]. In the CARS excitation profile the center lobe is en-
hanced, and the strong donut-shaped lobe is somewhat
suppressed due to the overlap of the Stokes field with the
pump field [see Fig. 2(e)]. The phase profile of the FWM
excitation, on the other hand, is identical to the Stokes
phase profile [see Fig. 2(f)]. The full width half-maximum
(FWHM) of the intensity profile of the central lobe is
-150 nm, which is about half the width of the diffraction-
limited nonlinear excitation when regular beam profiles
are used.

Figure 3(a) shows the lateral cross-sections of the
CARS excitation volumes along the x direction in the focal
plane for several values of *. Figure 3(b) shows similar
profiles along the y direction. It is evident that as * is in-
creased, the width of the center lobe is significantly re-
duced. Along with the reduction of the center lobe, the
sidelobes gain more prominence with increasing values of
*. To illustrate the relation between the center lobe and
the sidelobes, we next vary the phase partition radius * of

Fig. 2. Focal field profiles in the focal plane for (a), (b) pump; (c),
(d) Stokes; and (e), (f) CARS excitation. (a), (c), (e) are the ampli-
tude profiles, and (b), (d), (f) are the phase profiles. Input beam
profiles of pump and Stokes are assumed to be uniform and OBB
with *=0.62, respectively.
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the OBB and study its effect on the CARS excitation pro-
file. Figure 4(a) shows the variation of the center lobe
FWHM of the nonlinear excitation volume as the phase
partition radius of the stokes OBB profile is varied from
0.6 to 0.635. Although the range of * appears narrow, the
recent availability of high definition SLM panels with a
pixel resolution of 1920%1080 would help to achieve fine
control of the radius [24]. When compared to the uniform
input excitation case (also shown in the figure), the OBB
excitation exhibits a center lobe with an adjustable width
that is significantly narrower. At *=0.635, a perfect OBB
is achieved with a central null surrounded by light inten-
sity in all three dimensions [21]. Note that the lateral
width of the CARS excitation volume is slightly wider
along the x direction relative to the y direction due to the
assumed x polarization of the incident light. The reduc-
tion of the center lobe width in this situation comes at the
expense of the enhancement of the sidelobe intensity. Fig-
ure 4(b) shows the sidelobe to center lobe intensity ratio
as the phase partition ratio is varied. The sidelobe inten-
sity grows almost exponentially as the width of the center
lobe is reduced. As explained in Fig. 2(f), the center lobe is
still # out of phase from the sidelobe until the center lobe
pinches to zero, when the phase of the center region be-
comes uniform across the focal field.

Such adjustable bottle beam excitations offer interest-
ing possibilities for shaping the focal profile of CARS ex-
citation. The simulations above show that focal volume

partitioning of the CARS excitation volume can be
achieved. The partitioning of the focal volume comes at
the expense of the growth of the sidelobes of the excita-
tion profile. Thus resolution enhancement has to be bal-
anced with the increase in sidelobe intensity which gen-
erally interferes with the narrow central lobe in far-field
detection schemes. Although partitioning the CARS exci-
tation volume into smaller segments introduces a sharp
loss of amplitude in the smallest partitioning, each sub-
division of the volume is assigned with a precisely defined
phase. Hence, in terms of spatial phase, the focal volume
can be partitioned into progressively smaller volumes
that are demarcated with clear # phase steps. When us-
ing interferometric detection, these smaller focal phase
volumes can be used to retrieve size information of par-
ticles with sub-diffracted-limited dimensions, as further
discussed in Section 5.

It should be noted that the simulations presented
above consider only the focal plane. The phase front of the
effective CARS excitation volume in regions away from
the focal plane is no longer uniform. Nonetheless, in re-
gions close to the focal plane the phase variations are
small, and the conclusions drawn from the above simula-
tions still hold. Such focus engineering techniques are
thus expected to be very useful for nanostructure imaging
on glass substrates, where the objects are confined to a
surface plane.

Fig. 3. (Color online) Lateral cross-sections of the CARS excita-
tion profiles along (a) x and (b) y directions in the focal plane for
different phase partition radii *. Blue squares: *=0.60 and red
circles: *=0.62. Also shown in black triangles is the uniform in-
put excitation profile for comparison. Solid curves are a guide to
the eye.

Fig. 4. (Color online) (a) Variation of central-lobe FWHM as a
function of phase partition radius * of the OBB. (b) Variation of
the sidelobe to center lobe intensity ratio as a function of *. Blue
diamond: along x direction; red circles: along y direction. FWHM
with Gaussian input along x and y directions is shown in blue
dashed and red dotted lines, respectively, in (a). Solid curves are
a guide to the eye.
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4. SUBTRACTIVE FOCAL VOLUME
SHAPING
Although shaping the CARS excitation volume through
the multiplicative interaction of the fields with the mate-
rial gives access to a wide variety of effective focal excita-
tion fields, the multiplicative operation ultimately puts
restraints on the attainable size of the focal volume. In
this section we show that the dual color coherent Raman
process allows for a different kind of mathematical opera-
tion with the excitation fields, which expands the palette
of achievable shapes and sizes of the CARS excitation vol-
ume. In particular, we describe focal volume engineering
through an effective subtractive interaction of the CARS
excitation profile.

A schematic of the scheme is shown in Fig. 5. The input
pump beam, with a uniform amplitude and a flat phase, is
directed to an interferometer. After the beam is split into
two on a 50:50 beam splitter, one replica of the pulse, Ep2

,
is reflected off a SLM, whereas the other copy of the pulse,
Ep1

, propagates through the interferometer unaltered.
The transverse phase profile Ep2

is modified by the SLM
and recombined with the Ep1

field. The phase delay be-
tween the two pump fields is set to # /2, which ensures
that the two fields do not interfere at the combining beam
splitter. The two pump beams are subsequently col-
linearly overlapped with the Stokes beam on a dichroic
mirror and sent to the microscope. Upon focusing, the
CARS polarization can be written as follows:

P!3" + '!3"!Ep1

2 ES
! + Ep2

2 ES
! ei# + 2Ep1

Ep2
ES

! ei#/2". !7"

Equation (7) shows that the CARS excitation consists
of an excitation field formed by Ep1

, an excitation field
formed by Ep2

, and a combination term that depends on
both Ep1

and Ep2
. Due to the square dependence on the

pump field, the # /2 phase shift translates into a # phase
shift in the CARS excitation. The result is an effective in-
phase excitation field that contains the subtractive term
!Ep1

2 −Ep2
2 "ES

! in addition to the combination term. The lat-
ter term is # /2 phase shifted with respect to the other
terms, and thus does not interfere with the rest of the in-
phase excitation volume. Within the approximation that
the electronic response from the nanostructure is purely

real, the combination term can be easily discriminated
from the other components using interferometric tech-
niques [25,26].

Figure 6 shows the simulation results of the subtrac-
tive operation. The incident Ep1

field is assumed to have a
uniform amplitude and a flat transverse phase profile,
whereas the incident Ep2

field is uniform in amplitude
with a transverse one-dimensional # step, similar to the
phase profile associated with a HG10 beam mode. The
HG10 profile is achieved by applying a 0-# phase parti-
tion of the beam at the panel of the SLM [13]. The HG10
mode serves here merely as a one-dimensional example to
demonstrate the principle of subtractive focal volume en-
gineering, as other phase patterns can be used to achieve
more complex excitation volumes. Figures 6(a)–6(d) show

To microscope
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Phase mask pattern
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90o delay

Pump-1

Pump-2

Stokes

Fig. 5. (Color online) Schematic of the CARS excitation scheme
for subtractive focal volume shaping. The pump beam is split in
two on a 50:50 beam splitter. Ep1

propagates unaltered, whereas
Ep2

is modulated with a SLM and is phase delayed by # /2. The
modified pump beams and Stokes beam are combined on a di-
chroic combiner and sent to the microscope. A typical phase mask
pattern to generate HG10 mode is also shown.

Fig. 6. CARS excitation profiles at the focal plane for (a),(b)
Ep1

2 ES
! ; (c), (d) Ep2

2 ES
! ; (e), (f) !Ep1

2 −Ep2
2 "ES

! ; and (g), (h) 2Ep1
Ep2

ES
!

terms. (a), (c), (e), (g) are the amplitude profiles, and (b), (d), (f),
(h) are the phase profiles. Input beam profiles of pump 1 and
Stokes are assumed to be uniform, while pump 2 is HG10 mode.
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the amplitude and phase profile of the different terms
that contribute to the in-phase CARS excitation volume.
Note that both the in-phase excitation profiles are found
to have uniform phase fronts anywhere in the region
where the amplitude of the field is significant. Figures
6(e) and 6(f) show the sum of the first two terms shown in
Figs. 6(a)–6(d). The two terms are # out of phase; hence
the effective excitation volume is formed by subtracting
the excitation profiles associated with these terms. The
result is a much narrower central lobe along the x direc-
tion, in addition to the growth of sidelobes. Note that the
sidelobes are # out of phase with the center lobe. Figures
6(g) and 6(h) show the combination term, which preserves
the # phase step of the HG01 mode. In what follows, we
will examine the shape of this subtractive CARS excita-
tion volume, which we will refer to as the in-phase exci-
tation profile.

Since the net in-phase CARS excitation profile is deter-
mined by the subtraction operation of the CARS excita-
tion profiles of Ep1

and Ep2
, the widths of the central lobe

and sidelobes can be varied by adjusting the relative field
strengths of the two pump fields. This is illustrated in
Fig. 7, in which the intensity of the CARS excitation pro-
file is shown as the intensity ratio ,Ep2

/Ep1
,2 is varied.

The intensity ratio that varied from 1 to 2 results in nar-
rowing of the CARS central lobe from 210 to 160 nm. For
comparison, the nonlinear excitation intensity for uni-
form pump and Stokes inputs is also shown. The increase
in ,Ep2

/Ep1
,2 results in an increase in the sidelobes. The

subtractive operation described here can be compared
with the multiplicative operation described in Section 3.
In the multiplicative operation, the widths and strength
of the sidelobes were determined solely by the phase par-
titioning radius of the phase mask and not by the relative
intensities of the incident beams. In contrast, the subtrac-
tive operation introduces additional controllability of the
excitation volume by adjusting the relative intensity ratio
of the two pump beams.

A similar subtraction operation can also be imple-
mented in a coherent Stokes Raman scattering (CSRS)
scheme. In the analogous CSRS scheme, the Stokes beam
is split in ES1

and ES2
, where ES1

is dressed with a phase

pattern. The resulting in-phase focal volume is of the
form !ES1

2 −ES2
2 "Ep

!. In fact, in the CSRS implementation,
the relative reduction of the excitation volume is expected
to be more significant than in CARS, because the intrin-
sically narrower Ep focal field brings about a more effec-
tive suppression of the sidelobes.

5. APPLICATIONS OF FOCAL SHAPING
In this section we discuss several implications and tenta-
tive applications of the focal volume operations discussed
in Sections 3 and 4. These include the effective reduction
of the CARS excitation volume for imaging with enhanced
resolution, interferometric detection of focal compart-
ments, and size selection of sub-diffraction-limited par-
ticles.

A. Effective Reduction of Focal Volume
Reduction of the focal nonlinear excitation volume results
in an improvement of the imaging resolution. Similar to
the improved resolution achieved in fluorescence micros-
copy, a higher resolution in FWM microscopy is desirable
for resolving structures that remain hidden from view
when visualized with regular excitation beams. Unlike
fluorescence techniques, however, resolution enhance-
ment based on saturating transitions in molecules is not
straightforwardly achieved in CARS microscopy. Saturat-
ing two-photon Raman resonances typically involves exci-
tation energies that are detrimental to the sample integ-
rity. Depleting vibrational coherences through direct
infrared excitation in combination with Raman sensitive
probing has been suggested as a possible route to produce
tighter focal volumes in nonlinear Raman microscopy
[27]. An alternative scheme based on measuring spatially
varying Rabi oscillations has also been proposed [28]. Al-
though resolution as low as 65 nm has been predicted, the
need of high power for coherence depletion and the need
for specialized energy states in the material for depletion
may pose practical challenges for implementation. In this
context, techniques for resolution enhancement requiring
much lower power levels and more generic imaging con-
ditions would be desirable. The focal volume operations
described in this paper are all valid for weak field inter-
actions and are relatively simple to implement. Below we
briefly discuss the implications of the multiplicative and
subtractive focus engineering operations for CARS imag-
ing with improved resolution.

The multiplication and subtraction operations result in
CARS excitation profiles that have a narrower central
lobe and an increasing sidelobe strength as the phase
mask profile or pump power ratio is varied, respectively.
Because CARS is a coherent technique, the presence of
sidelobes results in undesirable interference of these con-
tributions with the radiation from the center lobe when
detected in the far-field. Thus, a maximum reduction of
the center lobe width has to be balanced with the sidelobe
strength. The CARS excitation FWHM for the case of uni-
form pump and Stokes inputs is -340 nm (see Fig. 4).
With the multiplicative CARS scheme, using an OBB this
is reduced to -210 and 150 nm as the OBB parameter * is
varied from 0.60 to 0.62, respectively (see Fig. 3). At the
same time, the sidelobe strengths are -4% and 65% rela-

Fig. 7. (Color online) Lateral cross-sections of the CARS excita-
tion profiles along x direction for subtractive focal volume shap-
ing for various pump intensity ratios, ,Ep2

/Ep1
,2. Blue squares:

,Ep2
/Ep1

,2=1 and red circles: ,Ep2
/Ep1

,2=2. Also shown in black
triangles is uniform input excitation profile for comparison. Solid
curves are a guide to the eye.
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tive to the central lobe. In the subtractive CARS scheme,
the FWHM reduces to -210 and 160 nm as the ,Ep2

/Ep1
,2

ratio is fixed at 1 and 2, respectively (see Fig. 7). The in-
creases in the sidelobe strength are -25% and 125%, re-
spectively. Under the condition of keeping the sidelobes to
less than 5% of the central lobe, these focus engineering
schemes make it possible to achieve an effective reduction
of the excitation FWHM by a factor of 1.5. Further reduc-
tion in focal volume leads to a rapid increase in sidelobes,
which renders such focal volumes unsuitable for reso-
lution enhancement.

The OBB profiles considered above are achieved with
binary 0-# phase masks, which are simple Toraldo-style
pupil phase masks [20]. More complex multi-zone annular
pupil functions have been extensively studied [29,30] and
implemented in confocal microscopy techniques [31,32].
The radius of the multiple phase zones can be carefully
chosen to achieve the required central-lobe width, and the
number of concentric rings used determines the separa-
tion of the center lobe from the sidelobes. In Fig. 8, we
show a comparison between the CARS excitation profile
created with an OBB excitation volume and an excitation
volume formed by using a higher-order Toraldo-style
phase mask. The phase mask was set to have four phase
zones, with 0-# jumps at positions *=0.2, 0.4, and 0.735.
For the same widths of the center lobe, the higher-order
phase mask exhibits slightly lower sidelobes, but the
overall improvement is marginal. We observe a similar
patterns when the * values of this phase mask are varied
relative to the values used above. Hence, a further signifi-
cant reduction of the center lobe without introducing sub-
stantial sidelobe contributions is not expected when using
higher-order Toraldo (phase-only) masks for CARS reso-
lution enhancement.

B. Interferometric Detection of Focal Compartments
In Sections 3 and 4 we discussed the ability to partition
the CARS excitation focal volume into smaller compart-
ments relative to the volume achieved when using uni-
form illumination. These smaller focal compartments are
# phase shifted relative to adjacent parts of the focus and

are thus well demarcated. In this subsection, an interfero-
metric scheme to extract information from individual fo-
cal phase compartments through far-field detection is con-
sidered. Interferometric CARS has been extensively used
as a technique to reject the non-resonant electronic back-
ground and to selectively detect the vibrationally reso-
nant CARS response [25,33]. In this illustration, the
CARS excitation volume is allowed to interfere with a lo-
cal oscillator field of frequency (as in the vicinity of the
focus. We will assume that the local oscillator (LO) is in-
phase with the center lobe and is # out of phase with the
sidelobes. Writing the induced CARS field as Eas
+'!3"Ep

2ES
! , the net CARS intensity due to the interference

of the induced and LO fields can be written as

Itotal + ,Eex + Elo,2 = ,Eas,2 + ,Elo,2 + 2,Eas,,Elo,cos ,, !8"

where , is the phase difference between the induced and
LO fields. The cross term is positive when the induced
field is in-phase with the LO field and negative when it is
out of phase. This concept has been used to demonstrate
interferometric switching of the CARS signal in the focal
volume [34].

We consider the simple case of a 50 nm cube object as
the CARS active medium, which is placed at the focal
plane and is scanned along the x direction with a scan
step of 50 nm. The LO profile corresponds to the focal field
associated with a uniform incident field. The CARS exci-
tation profile is assumed to be amplitude modulated at
frequency -, and the far-field intensity is detected at this
modulation frequency with lock-in detection. In Figs. 9(a)
and 9(b) an OBB CARS excitation volume is chosen that
exhibits a flat phase region in the center with a diameter
of 200 nm. Figure 9(c) displays the simulated lock-in sig-
nal (normalized to the LO signal) when the 50 nm object
is scanned laterally through focus in the x direction.
When the object is in the center, the lock-in signal is posi-

Fig. 8. (Color online) Comparison of x direction profiles of CARS
excitation at the focal plane for OBB with *=0.60 (blue circles)
and four-zone Toraldo-style phase mask with 0-# phase jumps at
*=0.2, 0.4, and 0.735 (red squares). Slight reduction in sidelobe
intensity is achieved for identical FWHM of center lobe. Solid
curves are a guide to the eye.
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Fig. 9. (Color online) Interferometric detection of focal volume
compartments of CARS excitation profile with 200 nm diameter
of center lobe. (a) and (b) show the amplitude and phase profiles
of CARS excitation at the focal plane. (c) Simulated lock-in signal
(normalized to LO signal) detected in far-field with a 50 nm ob-
ject is scanned laterally through focus along x direction.
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tive. Upon scanning away from the center lobe, the phase
of the focal volume switches by #, and the lock-in signal
turns negative. The lateral width of the registered signal,
as defined by the points where the signal switches sign,
resembles the width of the center phase region of the ex-
citation volume.

In Fig. 10, the same experiment is now simulated for a
phase mask that gives rise to a flat phase center region
with a diameter of 100 nm. The simulated lock-in signal
(normalized to LO signal) of the lateral scan, shown in
Fig. 10(c), shows a profile similar to the one calculated in
Fig. 9(c). However, the scan positions where the lock-in
signal changes sign are now found to occur at locations
separated by only -100 nm. This reduced width reflects
the reduced width of the center region of the CARS exci-
tation volume. Note that the baseline [solid line in Fig.
10(c)] provides a precisely defined zero reference, which
constitutes a clear discrimination between in-phase (posi-
tive) and out-of-phase (negative) components. This
method effectively removes the contributions from the
sidelobes through phase discrimination. When the posi-
tive signal is used for imaging the object, the structure is
visualized with an apparent resolution of -100 nm.
Hence, while the amplitude profile alone does not provide
spatial information below 300 nm, the use of the addi-
tional phase information enables a clear spatial demarca-
tion at length scales down to 100 nm.

The example above shows that the interferometric de-
tection of the CARS excitation phase profile in the far-
field can be used to visualize individual structures at an
apparent resolution as set by the center-lobe width. Given
that the width of the center lobe can be scaled arbitrarily
small, nano-sized structures can thus be imaged at their
natural length scales with this method. This would pro-
vide a more direct form of effective resolution improve-
ment compared to super-resolution methods based on par-

ticle localization, which rely on some form of fitting. The
calculations discussed above suggest the feasibility of vi-
sualizing individual objects with an effective resolution
improvement of more than three times relative to conven-
tional CARS imaging. This improvement is more than
what is typically obtained by maximizing the optical
transfer function of the imaging system. The effective res-
olution improvement here is achieved by extracting the
information provided by both the amplitude and phase of
the focal excitation volume, as opposed to using just the
amplitude information contained in the focus.

It should be emphasized that the results discussed here
deal with only a single isolated particle scanned across
the focal volume. The presence of multiple particles or a
large homogeneous sample in the focal volume would re-
sult in interference of the CARS excitation signals from
different segments, which would make it difficult to cor-
rectly decode the phase profile. The visualization method
discussed here is thus not a general resolution enhance-
ment method for CARS microscopy. Nonetheless, there
are numerous problems in nanoscience in which the visu-
alization of isolated nanostructures at their natural
length scales can be useful. For instance, CARS excitation
schemes have been used to detect the nonlinear response
of plasmonic nanostructures [35,36]. A higher resolution
would be highly desirable for mapping out the spatial dis-
tribution of the surface plasmon polarizability on indi-
vidual nanostructures. The CARS focal volume partition-
ing and interferometric detection may help to map out
such details.

C. Size Selection of Sub-Diffraction-Limited Particles
The interferometric detection scheme described above al-
lows not only for the visualization of nanostructures with
somewhat higher effective resolution, but also for the de-
termination of the size of the object. For a given size of the
nano-object positioned at the center of the focal spot, the
sign of the lock-in signal depends on the width of the cen-
ter lobe of the CARS excitation profile. This effect can be
understood as follows: assume that the object is posi-
tioned in the center of the focal volume, and that it is il-
luminated with an OBB CARS excitation scheme as dis-
cussed in Section 3. Initially, the width of the center lobe
is wider than the dimensions of the nanostructure, and
the detected interferometric CARS signal is positive.
Upon reducing the size of the center lobe, there will be a
point when parts of the nanostructure are exposed to the
out-of-phase portions of the excitation volume. The out-of-
phase contributions will destructively interfere with the
in-phase contributions from the center region of the exci-
tation volume. The positive signal is consequently re-
duced and turns negative upon further narrowing of the
center peak. The change form positive to negative signal
directly correlates with the size of the object. This process
is readily accomplished by rapidly scanning the * param-
eter with the SLM while monitoring the sign of the inter-
ferometric CARS signal.

Figure 11 shows the simulation results of the lock-in
signals obtained from cube particles with an x diameter
varied from 25 to 250 nm. When the full width of the cen-
ter lobe in the excitation volume is set to 100 nm, all par-
ticles with diameters lower than -120 nm produce a posi-
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Fig. 10. (Color online) Interferometric detection of focal volume
compartments of CARS excitation profile with 100 nm diameter
of center lobe. (a) and (b) show the amplitude and phase profiles
of CARS excitation at the focal plane. (c) Simulated lock-in signal
(normalized to LO signal) detected in far-field with a 50 nm ob-
ject is scanned laterally through focus along x direction.
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tive signal on the lock-in detector. All particles larger
than this diameter produce a negative signal on the de-
tector. When the width of the center lobe is changed to
150 nm, all particles up to -200 nm yield a positive inter-
ferometric CARS signal. These calculations reveal the re-
lationship between the sign of the signal and the size of
the particle as shown in the inset of Fig. 11. Hence, the *
parameter is directly related to the size of the particle.
This correlation implies that by scanning * on the SLM,
the size of the nanoscopic particles can be determined.
Note that the key parameter here is the sign reversal of
the signal and not the amplitude of the signal. This im-
plies that the measurement is insensitive to amplitude ef-
fects such as intrinsic amplitude variations between ma-
terials, particle scattering, and laser fluctuations. We also
note that, in principle, particle size information can be ob-
tained by comparing the CARS signal detected in the for-
ward direction with the signal in the epi-direction [10].
Nonetheless, such forward-to-epi (F/E) ratio measure-
ments do not provide a single-valued correlation between
the F/E ratio and the size of the particle, and are prone to
scattering artifacts. In contrast, the focal volume parti-
tioning discussed here provides a direct correlation be-
tween the sign of the interferometric CARS signal and the
size of the sub-diffraction-limited particle.

The reduction of the center lobe is accompanied by a
loss of amplitude at the center portions of the focal vol-
ume. This naturally leads to a lowering of the signal when
the center lobe is tuned progressively smaller. This signal
decrease can be offset by tuning the excitation power such
that the center lobe remains at a constant amplitude
while tuning the * parameter on the phase shaper. Note
also that because the signal is interferometrically de-
tected with a strong local oscillator, the computed signal
at the detector is stronger than the regular (non-
interferometric) CARS signal for all particle sizes exam-

ined here. Hence, an alternative means to compensate for
the amplitude loss of the central lobe is to increase the
amplitude of the local oscillator within the window for
shot-noise-limited detection.

6. CONCLUSIONS
In this work we have discussed several focal engineering
schemes that can be used to achieve an effective reduction
of the CARS excitation volume. The nonlinear multiplica-
tive nature of the excitation fields in multicolor coherent
Raman microscopy allows for additional routes to shape
the focal excitation volume relative to linear microscopic
methods. The most direct implementation of focal volume
reduction is through phase shaping of one of the excita-
tion fields and achieving reduction of the center lobe of
the excitation volume through the multiplicative interac-
tion of the fields with the material’s nonlinear susceptibil-
ity. We have studied the simplest form of Toraldo-style
phase masks, the so-called optical bottle beam (OBB). A
reduction of center lobe by a factor of 1.5 can be achieved
without introducing significant sidelobes. Further reduc-
tion of the center lobe is associated with the rapid growth
of the sidelobes, which renders such volumes unattractive
for imaging applications. Higher-order Toraldo-style
phase masks can be used to reduce the sidelobes, but the
improvement was found to be marginal.

We also examined a focal engineering scheme in which
an effective subtraction of the excitation field profiles is
achieved. This scheme is unique to the third-order nonlin-
earity of coherent Raman interactions, and can be used to
generate effective excitation volumes with shapes beyond
what can be achieved with multiplicative schemes alone.
When applied to minimizing the excitation volume, a con-
siderable reduction of the center lobe was achieved at the
expense of higher sidelobes.

Beyond the direct resolution enhancement provided by
these focal engineering methods, they may also find inter-
esting applications in combination with interferometric
detection of the CARS signal. We have found that sub-
divisions of the focal volume can be selectively detected
and assigned with a well-defined phase. The detected sub-
divisions can be much smaller than the overall volume of
the focus. This phase selectivity can be used for rejecting
the contributions from the sidelobes by registering only
the in-phase contributions from the center lobe, producing
an apparent resolution enhancement. Although not suit-
able for general imaging applications, this form of reso-
lution enhancement can be used to visualize nanostruc-
tures directly at their natural length scales. Such an
approach does not rely on localization fitting of point
source images but provides an actual image of the nano-
structure instead. In addition, by registering the phase of
the CARS signal, sizes of sub-diffraction-limited particles
can be determined by scanning the size of the center lobe
of the CARS excitation volume. This size-selective mea-
surement is insensitive to amplitude variations but relies
on the reversal of the phase of the optical signal instead.

The rigorous calculations and examples discussed in
this work illustrate that focal engineering in CARS in
combination with phase sensitive detection gives access to
sub-diffraction-limited spatial information within the

Fig. 11. (Color online) Lock-in signal (normalized to LO signal)
obtained from particles of varying sizes. Two different CARS ex-
citation profiles are considered. Red circles: 100 nm diameter of
center lobe; blue squares: 150 nm diameter of center lobe. Solid
lines are a guide to the eye. The inset shows the relation between
the zero crossing width and the size of the particle.
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diffraction-limited focal volume. The use of phase detec-
tion provides an additional handle that can help to dis-
criminate between focal compartments with different spa-
tial phases. Since the center compartment, which has a
precisely defined phase, can be tuned to an arbitrarily
small size, spatial information from volumes much
smaller than regular excitation volumes can be attained.
These methods are expected to be useful complements to
FWM imaging studies of nanostructures.
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