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The size-temperature “phase diagram” for small Lennard-Jones clusters LJn (n ≤ 147) is con-
structed based on the analysis of the heat capacities Cv(T ), computed by the Parallel Tempering
Monte-Carlo method. Two types of “phase transitions” are often observed: the higher-temperature
solid-liquid transition, due to melting of the cluster core, and the lower-temperature melting that
occurs within the surface layer. The latter transition can only be observed for clusters with Mackay
packing of the overlayer.

PACS numbers:

Introduction.

Van der Waals interactions between rare gas atoms can
be well described by the Lennard-Jones (LJ) potential,

uLJ(r) = 4ε
[

(r/σ)−12 − (r/σ)−6
]

, (1)

The possibility to compare the numerical results with
experiments involving rare gas aggregates and the sim-
plicity of the LJ potential placed the LJ systems among
the most popular and most well studied. For last sev-
eral decades they have played an important role in un-
derstanding the equilibrium and dynamics properties of
liquids, solids and clusters. At the same time they were
often used as benchmark systems for developing and test-
ing new computational methods such as those designed
for global optimization or for statistical mechanics calcu-
lations. For example, the Cambridge Cluster Database
[1] gives putative global minima configurations for LJ
clusters with sizes up to n = 1000. For each cluster size
such calculation required substantial computational re-
sources using state-of-the-art optimization algorithms.

The global minima describe only the zero-temperature
equilibrium properties of clusters, while multiple local
minima contribute to the cluster properties at finite tem-
peratures. Various statistical mechanics techniques to
characterize the finite temperature effects exist. Among
those are the first-principles approaches, such as the
Molecular Dynamics (MD) or Monte Carlo (MC), or ap-
proximate approaches, such as the superposition method
(see, e.g., ref. [2]). For selected LJ clusters disconnectiv-
ity graphs providing information about the topology of
the potential energy landscape in terms of the energies of
local minima and transition states proved to be useful in
characterizing their dynamics and equilibrium properties
(see, e.g., ref. [3]).

Despite the long history until recently hardly any well
converged MD or MC calculations were reported even
for relatively small LJ clusters. One simple reason was
the difficulty in attaining ergodicity in the LJ systems
caused by the complexity of the potential energy land-
scapes with high dynamic ranges of the well depths and
barrier heights. The real breakthrough was due to the

adaptation of the parallel tempering method [4], allow-
ing one to cope with the problem. The way it overcomes
the high-energy barrier is by coupling a set of statisti-
cally independent Monte Carlo Markov chains via ex-
changes of configurations between replicas of slightly dif-
ferent temperatures. In the first successful application of
the parallel tempering method to the challenging case of
the LJ38 cluster [5], in order to obtain a well converged
heat capacity curve, as many as 1010 Monte-Carlo moves
per temperature were required. While the main peak in
Cv(T ) assigned to the solid-liquid transition converges
very quickly, the real difficulty is associated with a cor-
rect description of the solid-solid transition showing up
as a small bump in the Cv(T ) curve (see also refs. [6, 7]).
The slow convergence in this particular case is mostly
due to the long equilibration times needed to find mul-
tiple replicas of the global minimum that belongs to a
narrow (octahedral) funnel of the potential energy land-
scape [3]. Although by setting the starting configurations
to the global energy minimum reduces the equilibration
times by about an order of magnitude, 109 still seems
large. Probably, the multifunnel nature of the LJ38 is
not an exclusion but rather typical property of most LJ
clusters.

A later publication [8] which is a continuation of the
previous study [9] reported well converged results of par-
allel tempering calculations for LJn clusters up to n = 60.
The existence of two peaks in the heat capacity curves
was noted and extensively explored. Unfortunately in
this study, no satisfactory explanation of the origin of the
two peaks was given, while the focus was rather made on
identifying the multiple “magic numbers” from the very
detailed analysis of the structural and equilibrium prop-
erties as a function of n. Moreover, the existence of two
distinct types of “phase transitions”, as claimed in the
present work, was not recognized. Here, in order to sup-
port our interpretation, we compute and analyze the heat
capacity curves for LJn clusters with sizes up to n = 147,
i.e., up to the completion of the third overlayer.
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TABLE I: The cluster sizes n, the constraining radii Rc, and
the typical numbers of MC steps per temperature used in the
present parallel tempering calculations for the four groups of
clusters.

Group Sizes n Rc/σ NMC

A 10 - 40 2.5 1.5 × 109

B 20 - 57 3.0 2.0 × 109

C 50 - 80 3.5 1.25 × 1010

D 80 - 147 4.0 1.25 × 1010

Parallel Tempering Calculations.

For each cluster size a parallel tempering calculation
was carried out on a single processor. Except for not us-
ing parallelization, the present algorithm implementation
was essentially identical to that described in ref. [5]. For
all n we implemented a hard constraining sphere with
four different constraining radii for four different groups
of clusters with overlapping size ranges as described in
Table I. To reduce the computational burden for group
D containing the largest clusters not all sizes were con-
sidered.

By recommendation of ref. [10] for an optimal tempera-
ture schedule we used a geometric sequence Ti = Tminλ

i.
The number of temperatures was varied from 20 to 40
depending on the cluster size and temperature range.
For each n the latter was chosen according to the ex-
pected nontrivial behavior of the Cv(T ) curve, rang-
ing from temperatures as small as Tmin = 0.01εk−1

b

to Tmax = 0.42εk−1

b
. The swaps of configurations be-

tween the random walks of adjacent temperatures were
attempted every once in 100 MC steps per temperature,
where one MC step corresponds to an attempt to move
one of the atoms using the Metropolis scheme. In most
cases the swap rates were about 50% or greater. However,
at specific temperatures corresponding to large peaks in
the heat capacity curves the swap rates could be notice-
ably below 50%. (Possibly, the overall convergence would
be facilitated by the use of adaptive temperature grids
[11].) Also, we took the advantage of the knowledge of
the global minima configurations [1] and used them to
set the initial configurations for all the random walks.

The heat capacities were computed using

Cv(T ) =
3nkB

2
+

1

kBT 2

(

〈E2〉T − 〈E〉2
T

)

, (2)

In each parallel tempering calculation the energy mo-
ments 〈E〉T and 〈E2〉T were partially averaged and writ-
ten to the disk after every NMC = 5 × 107 MC steps per
temperature. In order to obtain smooth temperature-
dependent observables for temperatures between the MC
grid points they were calculated by the multi-histogram
method [12, 13]. The convergence was monitored by com-
paring results obtained from independent runs. Once
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FIG. 1: Heat capacity curves Cv(T ) for a selected size range
(n = 26−39) shifted along the y-axis for better visualization.
The two peaks are clearly seen. The higher-temperature peak,
caused by melting of the cluster core (resembling the struc-
ture of LJ13), becomes less prominent with increasing n. The
lower-temperature peak, due to the melting transition within
the overlayer, increases in hight and shifts to the higher tem-
peratures with more atoms in the overlayer.

the comparison was favorable, the calculation was ter-
minated. The typical (albeit not the largest) numbers
of MC steps used in our calculations are shown in Ta-
ble I. Generally, the convergence slows down with the
increase of both the cluster size n and the radius of the
constraining sphere Rc. While it was easy to obtain con-
verged results for the overall shapes of the heat capacity
curves including the largest peaks, most time was typi-
cally spent to converge their small features. Our analysis
indicates that with the given number (∼ 1010) of MC
steps for some clusters with n ≥ 100 the heat capacities
may not be well converged.

Results

Heat capacities for selected clusters are shown in fig-
ures 1 and 2. For each n we estimated the temperatures
at which the Cv(T ) curves have local maxima as shown
in Fig. 3. For all cluster sizes considered Cv(T ) has
at least one peak, while in many cases we observed two
peaks. As can be seen from Fig. 1 for smaller clusters
the higher temperature peaks are broad. Moreover, their
shapes are sensitive to the constraining radius, so that
the maxima observed for a particular Rc may not be ob-
served for a larger value of Rc (see Fig. 3). However, for
wide ranges of cluster sizes the two heat capacity peaks
could be located unambiguously. A striking observation
is that most peaks behave regularly as a function of n,
which yields a simple interpretation.

The clusters with “magic numbers” of atoms, LJ13,
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FIG. 2: Same as Fig. 1 but for a different range of cluster
sizes n.
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FIG. 3: Temperatures of the peak maxima of the Cv(T )
curves as a function of cluster size for four different values
of the constraining radius, Rc. The positions of the higher-
temperature peaks associated with melting of the cluster core
(LJ13) for sizes 25 ≤ n ≤ 53 are sensitive to Rc. The arrows
indicate the sizes (31,82) at which the Mackay packing of
the overlayer becomes more preferable than the anti-Mackay
packing at T = 0.

LJ55 and LJ147, form complete icosahedral structures and
as such are most stable with respect to structural trans-
formations. For most intermediate sizes, except a few
cases (e.g., n=38,75,76,77), the equilibrium low temper-
ature structure can roughly be represented as an icosahe-
dral core with an incomplete overlayer [14–17]. For sizes
13 < n < 31, 55 < n < 82 and n = 85 the packing
of the overlayer has the anti-Mackay structure, while for
the other sizes with n ≥ 31 and ≥ 82 the overlayer struc-
tures are of the Mackay type [14–16]. While at least one
peak in the Cv(T ) is observed for all sizes, the second,
lower-temperature peak exists only for the clusters with
Mackay overlayer. (Particularly, the second peak is not

observed for LJ85.) The exceptions are LJ21 and LJ27

with extremely small low-temperature peaks of unknown
nature and LJ58, LJ75, LJ76 and LJ77. The second peak
for LJ58 is likely a result of relocation of the three atoms
placed on the surface of the 55-atom icosahedral core,
although it is not clear why similar effects are not ob-
served for other sizes with anti-Mackay overlayer. The
lower-temperature peaks for clusters with n = 75, 76, 77
with non-icosahedral global minima are due to the known
solid-solid transition (see, e.g., ref. [2]) corresponding to
global changes of cluster symmetry. A similar solid-solid
transition occurs for LJ38 [5], although it results in a
bump, rather than a peak, in the Cv(T ) curve in addi-
tion to the two peaks of the general nature present in the
other clusters with Mackay overlayer.

The above analysis unambiguously suggests that the
lower-temperature peak for clusters with Mackay over-
layer is due to the Mackay → anti-Mackay (M/aM) melt-
ing transition of the overlayer, while the higher tempera-
ture peak must be associated with the melting transition
of the more stable icosahedral core. This interpretation
is most clearly supported by Fig. 1 that shows the birth
of the lower-temperature peak, at n = 31, which then
rapidly increases in both the size and temperature. The
Mackay-type packing becomes energetically more favor-
able when there are enough atoms in the overlayer, while
the Anti-Mackay packing is more favorable entropically.
This makes the latter to be thermodynamically domi-
nant at higher temperatures and as such supports our
interpretation of the lower-temperature melting as the
M/aM transition. Note also that the two peaks merge
for sizes around n = 140 with nearly complete overlayer,
i.e., when the latter becomes especially stable. Further-
more, the tail from an adjacent peak may be relatively
too large (e.g., for n = 38 or n ≥ 135) resulting in a
bump in Cv(T ) instead of a peak. All such bumps were
ignored when constructing Fig. 3.

Although not based on converged calculations, evi-
dences of surface melting in the LJ and other clusters
were found and investigated previously [18–22]. Refs.
[20, 21] explicitly attribute this transition for certain
clusters to the M/aM type. Based on a well converged
calculation for the special case of LJ31 Calvo and Doye
[23] demonstrated that the low temperature peak in the
Cv(T ) curve does correspond to the M/aM transition.

In the present work we claim that the M/aM transi-
tion is generic for all clusters with Mackay overlayer. As
the main evidence for this claim we use the behavior of
the heat capacity peaks as a function of cluster size. A
visual analysis (albeit not a quantitative proof) of cluster
structures at different temperatures also supports our in-
terpretation: For example, for clusters from Fig. 1 with
n ≥ 31 at temperatures below the low-temperature peak
we observe nearly perfect global minima structures with
Mackay packing in the overlayer. At temperatures be-
tween the two peaks we typically observe anti-Mackay
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FIG. 4: Left: The global minimum configuration of LJ35 with
Mackay packing of the overlayer. Middle: Snapshot of LJ35

at T = 0.15εk−1

b
, which is between the two heat capacity

peaks. The melted overlayer resembles anti-Mackay packing.
For the latter case 13 atoms that retain the complete icosa-
hedral structure of LJ13 can easily be identified (right).

packing with the cluster core retaining its icosahedral
structure of LJ13. The icosahedral core is destroyed only
at substantially higher temperatures. For mere demon-
stration (but not prove) of our interpretation in Fig. 4
we show snapshots of LJ35 in the two distinct regimes.

Conclusions

In this paper we reported results of parallel temper-
ing Monte Carlo calculations for LJ clusters for sizes
10 ≤ n ≤ 147. We believe that for the temperature
ranges considered the main features of the heat capac-
ity curves are reproduced correctly, however there is a
possibility that for some cases, particularly for n ≥ 100,
the convergence was not sufficient to make a clear judg-
ment about the exact location of some peaks in the
Cv(T ) curves. Only substantially more extensive par-
allel tempering calculations may clear this issue. How-
ever, independently of such possible errors, our results
prove the existence of at least two qualitatively distinct
solid-liquid-type transitions in the LJ clusters: a low-
temperature M/aM transition within the overlayer, and
the higher-temperature solid-liquid transition that occurs
within the cluster core. These results are a manifestation
of the complexity of the properties of finite systems (clus-
ters) which is expected to disappear only in the bulk limit
when the surface effects become relatively unimportant
for equilibrium properties.

Besides involving larger clusters and certainly being
more extensive, our further studies of LJ clusters will
also consider other (than Cv(T )) equilibrium properties,
such as appropriate spatial correlation functions, in order
to gain more insight into the complexity of the phase
transitions in these systems. Certainly, clever choices
of the order parameters may significantly simplify the
analysis.

Another interesting question emerging from this and
previous studies is whether the quantum effects, due to
the finite mass of the rare gas atoms, may change this
picture. One step toward answering this question was
made in ref. [7] where it was shown that the M/aM tran-
sition that occurs in the classical LJ38 cluster does not
occur in the quantum Ne38 cluster, for which the ground
state has the anti-Mackay, i.e, liquid-like, overlayer.
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