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S1. RELATION BETWEEN COUPLING-CONSTANT DEPENDENCE AND SCALING

We derive the relation for the density matrix in general TDDFT, and specialize to XC quantities. We start from
a fully general time dependent density matrix, (R|T'(¢)|R’) = (R, R’,t) with R = (r,ra,...,r;,), which satisfies a
Von-Neumann-type equation of motion as

i L) = [ﬁ(t),f(t)} , (S1)

with H(t) being the time dependent Hamiltonian

Ht) =T+ Vee + V (1), (S2)

with kinetic energy 7', Coulomb interaction Vee and time-dependent one-body potential V(t) In the Runge-Gross
framework generalized to ensemble density matrices [1, 2], the time-dependent ensemble density matrix is both a
functional of the initial density matrix f‘(O) as well as time-dependent density, n; = n(r,t), which can be written as
['[n¢,T(0)]. We define the uniformly coordinate scaled T(R, R/, t) as

I, (R,R,t) = ¥*"T(yR, 7R/, 7%*) with 0 < v < oo. (S3)
Writing Eq. (S1) explicitly in coordinate space:

"w = (ARt - AR D) T(R, R, 1), 0

with Hamiltonian H(R,t) = T(R) + V (R, t) 4+ Vee(R) and corresponding coordinate basis representations
1 N .
_izi:vrw Vee ; |rz_r]| V(R7t) :zi:v(rivt)' (SS)
Replacing R by 7R, R’ by 7R/ and t by 4%t and multiplying through by 2 yields

i%ﬁ"“ - [(T(R) - T(R’)) e (V(7R7 +2t) — V(7R, 72t)) +v (Vee(R) - f/ee(R’))] I,(R,R,1). (S6)

Defining V, (R, t) = v2V (7R, ~v%t), we rewrite Eq. (S6) as

2 [ 0.0, (57)
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where H;’w () has scaled interaction 7V and one-body potential V; (R, ). Since T, (R, R/,t) has density n (R, t) =
v3n(yr,4%t) and initial density matrix I'(0), visual comparison of Eq. (S7) with Eq. (S1) tell us
i [t f‘w(o)} = fv [, 1'(0)). (S8)
Thus, replacing v with A and swapping functional arguments,
1[0y, T(0)] = Talng,1/a, T1ya(0)), (S9)
and

UA[nt,f(O)](r,t) = )\Zv[nm/)\, fl/A(O)]()\r, M2, (S10)

where superscript A denotes scaled interaction while keeping the density fixed, i.e., the usual adiabatic connection [3, 4].
These are the generalizations of the classic relation between coupling constant and coordinate scaling in ground-state
DFT [5]. As the KS system has no interaction, its density matrix is independent of A, and Eq. (S8) yields,

D¥[ney, 1% 0)] = I e, 1(0)] (S11)

and

Vs [N, Fi(O)](r, t) = s [ng, T5(0)](x, t). (S12)
As the HXC potential is the difference between the KS and physical potentials, we find
Vnxe [, T(0), T5(0)](r, 1) = Nvaxclne/x T1ya0),15 5 (0)] (Ar, A%t), (S13)
and for the eHXC kernel

v [n](r, 1)

fli\xc,w[nhf(o)vfs(o)](ratvr/7t/) = sn(r',t)

= X fuxc[ne,1/3 T1ya(0), T5 /5 (0)] (Ar, A2, A/, A2t), - (S14)

n=ng

which is completely general and holds for any initial density matrix.
In the very very special case in which the initial density matrix (see Eq. (2)) is the sum of the eigenstates of the
initial Hamiltonian with normalized, non-negative and non-increasing weights, GOK [6-8] tells us the initial density

matrix is a functional of the initial density (I'w[n:](0)), so that the eHXC potential becomes a pure w-dependent
density functional,

Vnxe,w (1] (T, 1) = Vaxo,w(ne, I[ne](0), T%[ng] (0)]](x, ¢). (S15)
This simplifies Eq. (S13) to
Uﬁxc,w[nt](r’ t) = )‘Z’UHXC,W[nt,l/)\]()‘ra )‘2t)7 (816)

and for the eHXC kernel as,

50 el (2, )

Sn(er 1) = A2 fuxcw(ne 1 /2] (Ar, Nt A, A%t), (S17)

n=no

fIi‘XC,W [nt](rv 2 rlv t,) =
which gives Eq. (15).

S2. DEFINITIONS OF HUBBARD MODEL QUANTITIES

Most of the derivations were based on the original derivation of Ref. [9], but some errors were fixed and the
ensemble DFT versions were derived. The Hubbard Hamiltonian of Eq. (17) can be written, for singlet states only,
as the following cubic equation [10],

U+ 1+ A —U?)e+2U? — =0, (S18)



with U the on-site potential, ¢ the hopping parameter, Av the potential difference and e the energy eigenvalue. For
exact solutions for the energy and wavefunction, we refer to Refs. [9, 11]. We can define the numerators (A, =

|(m| An |k)|?) of Eq. 19 and Eq. 20 as,

2xc
VAij= 53 (S19)

cicy
where ¢3 = ¢pcrc2 and ¢; is defined in Eq. (S2) from Ref. [11] with © = Av/2¢. The transition frequencies are given
by vy = €, — €9, and Av = vy — 11 = €3 — €1 with ¢; being the energy of the ith eigenstate.

For the Kohn-Sham system, we can find the x4(v) as,

2 A 2Avs A
Ko (V) = (1= 2u) 5220 w7

— 2 _ A, 20
vi — V3 vi — Avz

(S20)

with vy =v+in, v =w/2t, vs = Avg =1 as vg = 2v, and Ag; = 2 in the symmetric limit. Due to it being xs(v) the
transitions to the second excited states are per definition zero. For the derivation, we refer to Ref. [9].
We can use any approximation to the fuxc . (¥) to construct an approximate susceptibility:

1
PP (1) =
o ) )

(S21)

where we are now tasked to find the poles of x2PP(v), which is equivalent to the solving the matrix formulation.
However, this x2PP(v) can also be inserted in the ACFD theorem in order to get a new set of corrections to the
transition frequencies.

To derive the Matrix Formulation, we make use of the fact that at the exact transition frequencies, the inverse of
the physical density-density response function is 0, i.e. Xw(l/()l}og,lg)il = 0. This leads to

fHXC,W(V) = XS,w(V)_17 (822)

which can be used to find the Casida equation, with some simple algebra into as Eq. 21, which has solutions at vy, 1o
and Av.

S3. ENSEMBLE ADIABATIC CONNECTION FLUCTUATION DISSIPATION THEOREM

It was derived in Ref [9] that the correlation energy can be calculated via the ACFD as,

U [t >
EACFD[p) = 1 ; d)\/o dw Im [Xg[n](w) - Xs,w[n](w)] . (523)

We first start with the integration over dw, which can be done as,

_ % /O°° dwIm [x[n)(w) = Xs,w[n](w)] = Ao1 (UN) + wA12(UN) — Agq — wAs . (S24)

With this, we can now perform the integral over A as

1 2
E. z%/ A\ (Aoy (UA) + wA1a(UN) — Asr — wAss) = 2t [ 1— /1 + (Zt) , (S25)
0

which is the exact correlation energy that was derived in Ref. [10].

S4. ENSEMBLE ENERGIES

To calculate the transition energies, obtained from approximated correlation energies, we need find exact ensemble
equations from all the terms in Eq. (4). These are given in Ref. [10-12] as

Toy = =267/ — An2 /4 (S26)



Ey=U(1+ An2 /4) (S27)
B = -0 (14 D 207 Am, (S28)
w9 w3 4
Vi = —AvAny, /2 = —tzAn,,, (S29)
so that one can find the total energy as,
By =Tsw+ Eu + By + EZ5D — AvAn, /2, (S30)

where E2%P is the approximate w dependent correlation energy obtained from the ACFD (Eq. (S23)). The exact E.
for the Hubbard, up to leading order, has been found as,

U 2
E.,=2tw |1—4/1+ <4t> (S31)

by Ref. [10]. The transition energies can then be obtained in two ways, by either

E,—FE
Vit = 70 (832)
w
or
dE,
er — - ) S33
v dw (833)

which coincide in the exact case.



S5. EXTRA FIGURES FOR DIFFERENT U

ACFD, u=0.1 Casida, u=0.1

1.05°¢ " 1.05"

1.04¢ ] 1.04f

1.03f 1 1.03f
7 — Exact (ED) == KS == PD == EA == PA 7
< 1.02} 1 < 1.02
w w

1.01F 1 1.01

1.00 1.00 -

0.99 ‘ ‘ ‘ ‘ 0.99 ‘ ‘ ‘ e

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 04 0.5
w w
(b) (c)

FIG. S1: The w dependence of the transition frequency of the ground state to first excited state transition for
U = 0.1 for the exact, KS and 3 approximations (pure dynamic, ensemble adiabatic and pure adiabatic).
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FIG. S2: The w dependence of the transition frequency of the ground state to first excited state transition for
U = 0.2 for the exact, KS and 3 approximations (pure dynamic, ensemble adiabatic and pure adiabatic).
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FIG. S3: The w dependence of the transition frequency of the ground state to first excited state transition for U =1
for the exact, KS and 3 approximations (pure dynamic, ensemble adiabatic and pure adiabatic)..
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FIG. S4: The w dependence of the transition frequency of the ground state to first excited state transition for
U = 1.5 for the exact, KS and 3 approximations (pure dynamic, ensemble adiabatic and pure adiabatic).
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FIG. S5: The w dependence of the transition frequency of the ground state to first excited state transition for U = 2
for the exact, KS and 3 approximations (pure dynamic, ensemble adiabatic and pure adiabatic).
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