Conditional probability density functional theory for solids

Peiwei You,"?:* Ryan Pederson,® Kieron Burke,® T and E. K. U. Gross® ! ¥

! Pritz Haber Center for Molecular Dynamics, Institute of Chemistry, The Hebrew University of Jerusalem, Jerusalem 91904, Israel
2 Center for Quantum Matter, School of Physics, Zhejiang University, Hangzhou 310058, China
3 Departments of Physics and Astronomy and of Chemistry, University of California, Irvine, California 92697, USA
4 Quantum Dynamics Laboratory, Tsientang Institute of Advanced Study, Hangzhou, Zhejiang, 310024, China

The recently developed conditional probability density functional theory (CP-DFT) yields direct
access to the exchange-correlation hole of a system, an important correlation function that is not
available in standard DFT. We present the first results for extended materials with periodic boundary
conditions. We validate CP-DFT for weakly correlated Na and Si. We apply it to a stretched
hydrogen chain, the prototype of strong correlation. When applied to the Kagome material CsV3Sbs,
we find d-orbital correlations that are missing in standard DFT, implying an enhanced finding
probability between two separated electrons and a local charge density wave related modulation.

Kohn-Sham (KS) density functional theory (DFT)
is the cornerstone for modeling complex chemical and
material systems [1]. Its widespread utility is due to
the development of exchange-correlation (XC) function-
als that, despite being approximations, reliably predict
ground-state energies and structural properties [2]. While
these functionals are often designed to satisfy exact phys-
ical conditions [3] and yield usefully accurate energetics,
they typically rely on a simplified mapping that obscures
the intricate, real-space electron correlations that are
central to modern condensed matter physics.

One primary limitation involves the representation
of the pair density, which characterizes the probability of
finding an electron at a specific coordinate relative to a
reference electron at another position [4]. This quantity
encompasses the XC hole, the depletion of electron den-
sity surrounding a reference electron arising from Pauli
exclusion and Coulomb repulsion. In conventional KS-
DFT, the complex spatial topology of this hole is typically
reduced to simplified "on-top” or spherically averaged ap-
proximations [5-8]. While these models are effective for
determining total energies, they purposely obscure the
pointwise fine structure of the electronic environment [9],
in favor of system- and spherical-averages that yield XC
energies. This loss of spatial resolution could be critical
because detailed correlation structures can be the funda-
mental physical drivers of emergent phenomena. In Mott
insulators such as NiO and MnO, for example, strong
on-site Coulomb repulsion drives the formation of the
Mott gap [10, 11]. While charge density wave (CDW)
formation is often attributed to momentum-dependent
electron-phonon coupling and Fermi surface nesting [12],
an emerging perspective highlights the potential involve-
ment of electron correlations in CDW and even pair den-
sity wave orders in Kagome metals upon entering the
superconducting state [13-15]. Determining the pair den-
sity to uncover the nature of these correlations in such
electronic orders represents an important step toward a
deeper understanding of correlated quantum matter.

Recently, conditional probability (CP) density func-
tional theory has been proposed [16] as an alternative

to KS-DFT, especially for systems with strong correla-
tions [17]. CP-DFT is a formally exact framework to
directly calculate pointwise pair densities, offering a way
to capture the correlated structure of the electronic en-
vironment [16]. In CP-DFT, the pair density itself is
directly calculated by a sequence of Kohn-Sham-like calcu-
lations at every real space position r in the system. These
calculations employ an approximate CP-KS potential to
yield the CP density, n.(r'), the conditional probability
of finding an electron at r’ given an electron at r, and
thus the pair density P(r,r’) = n(r)n,(r’), where n(r) is
the ground-state electron density. Since the pair density
determines the interaction and total energies, CP-DFT
bypasses the need to capture strong correlation effects
in an explicit density functional. Within this paradigm,
CP-DFT correctly dissociates Ho and arbitrary-length
H chains in the large-separation limit, a classic example
where KS-DFT XC functionals notoriously fail [16, 17].

Previous applications of CP-DFT were limited to
atomic and molecular systems [17] and simple models [18]
where standard KS-DFT typically fails. Our work extends
CP-DFT to periodic systems, establishing a highly scal-
able framework for solid-state materials. By incorporating
periodic boundary conditions and leveraging paralleliza-
tion, direct calculation of the pair density becomes feasible
for realistic crystalline systems of interest.

We implement this first-principles approach by solv-
ing the CP-KS equations self-consistently for each ref-
erence point across the periodic cell. We validate using
both isolated (Helium) and periodic (Sodium, Silicon) sys-
tems, resolving the pointwise structure of the XC hole in
a crystalline environment. For strong correlation, we use
long stretched hydrogen chains [19], finding an XC hole
with power-law decay comparable to accurate many-body
correlation benchmarks. For complex quantum matter,
we apply CP-DFT to the Kagome metal CsV3Sbs, find-
ing spatial modulations of the pair density and d-orbital
correlated structures. These correlations lead to a local
CDW-related modulation and improved density of states
near the Fermi level. None of these structures appear in
standard DFT models of holes, showing how calculation



of the pair density provides a deeper understanding of
the electronic structure in strongly correlated materials.

Consider an N-electron system subject to a scaled
Coulomb repulsion, characterized by a non-negative cou-
pling strength A, such that the ground-state electronic
density n(r) remains fixed [20, 21]. The A-dependent pair
density is P (r,r') = n(r)n) (r'), where n)(r') is the CP
density, representing the probability of finding an elec-
tron at r’ given a reference electron located at r and a
Coulomb repulsion scaled by A. CP-DFT determines this
pointwise A-dependent density by self-consistently solving
the CP-KS equations for an (N — 1)-electron system with
an effective potential v, (r'):

v (') = ws[n](r') = viixc[n)(r') + Av (')

+ viixclne] (r'),

(1)

where vg[n](r’) is the standard KS potential for the ground-
state density. The terms vixc[n](r’) and vixc[np](r')
are the \-dependent Hartree and XC components evalu-
ated on the ground-state and CP densities, respectively,
while Av) (r') serves as the CP correction potential [17]
(Supplementary Note 1 [22]). For periodic systems, the
CP-KS equation is represented in a numerical atomic-
orbital (NAO) basis at each k point. The reference-
dependent CP-KS Hamiltonian acting on the coordinate
r’is ﬁéP,r = —3VZ +v2,(r'), with periodic matrix
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where &, is the a-th NAO associated with atom ¢, b;

is the atomic position, and R is a lattice vector. The

CP-KS states are from the generalized eigenvalue equation
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Here Sy is the overlap matrix, C;k)‘ is the eigenvector

of the n-th CP-KS state at k, and E:Lli\ is the corre-
sponding eigenvalue. CP-DFT is formally exact, yielding
the exact CP density given the exact XC and CP po-
tentials, but these must be approximated in practical
applications. We employ traditional KS-DFT XC func-
tionals to obtain the necessary XC potentials, using the
Perdew—Burke-Ernzerhof (PBE) generalized gradient ap-
proximation [23] throughout this study. To approximate
the CP correction potential, we use the original methodol-
ogy [16, 17]. This classically inspired approximation sat-
isfies several key exact conditions within CP-DFT [6, 17].

Computationally, the CP-KS equations use only stan-
dard KS-DFT methodology. We employ the SIESTA
code [24, 25], using its NAO basis to handle large sys-
tems with extensive real-space grids, and pseudopoten-
tials to avoid calculating core electrons, obtaining the
pseudo-density in CP-DFT as in Fig. 1. The A-dependent

Hartree-XC potentials are calculated via uniform coordi-
nate scaling relations [26] (Supplementary Note 1 [22]).
For many-electron systems, we use the short-range Gaus-
sian repulsion introduced in earlier work [18] (Supplemen-
tary Note 2 [22]).
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FIG. 1. Schematic flowchart of the CP-DFT framework. A
standard KS-DF'T is first performed to find the KS density
and potential. To obtain the CP density, electronic iterations
are performed for reference points and each coupling strength.

We first validate our methodology on weakly corre-
lated systems: bulk Na and Si, and an isolated He atom.
In the exchange limit (A = 0), the CP density at the
reference point satisfies n)=(r) = n(r)/2, as confirmed
for He and Na (Supplementary Figs. S1-S4 [22]). In Na,
the exchange hole follows the KS density, while Coulomb
correlation reshapes the XC hole, illustrating the generic
picture for weakly correlated systems [27]. The averaged
Na XC hole is featureless and close to LDA (Supplemen-
tary Fig. S5 [22]), while bulk Si shows strong repulsion
in bonding regions (Supplementary Fig. S6 [22]). The
XC energies from CP-DFT, integrated over all real-space
points, agree with KS-PBE values: —8.4 vs. —8.16 eV for
Na, —28.3 vs. —28.11 €V for He, and —65.5 vs. —64.89
eV for Si, demonstrating consistency with PBE for weakly
correlated systems.

Turning to strong correlation, the prototype is a
stretched chain of equally-spaced hydrogen atoms, which
is a Mott-Hubbard insulator, but whose exact KS sys-
tem is a metal [28]. This has been used to validate
and compare strong-correlation methods such as DMRG,
DMFT, and various flavors of QMC [19, 29], allowing
comparison with accurate benchmarks. Fig. 2 shows the
CP-DFT XC hole of a periodic 100-atom chain at the
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FIG. 2. Right-side XC-hole response of the periodic N = 100
H chain at AR = 2.0 Bohr with the reference electron at
the center. Red circles mark the negative minima D(4). The
inset shows |D(i)| versus relative site on logarithmic scales
after subtracting the finite-size background, compared with
the DMRG spin-correlation exponent i ~ 1.1 from Motta et
al. [19].

separation of 2.0 Bohr, with the LDA hole for compari-
son. Similar oscillatory charge correlations are reported
at comparable separations in ab initio FT-AFQMC [30].
Here, the spin-summed CP-DFT XC hole further reveals
a long-range power-law decay with @ = 1.17, close to
the published spin-correlation exponent n ~ 1.1 [19],
providing evidence of long-range correlation in the spin-
symmetric regime. For open chains, the XC-hole dip
scales with chain length as d = 0.58 (Supplementary
Fig. S7 [22]), close to the density-dimerization exponent
of about 0.6 [19]. No semilocal DFT, starting from the
uniform gas, could produce such long-range behavior. As
the separation is increased, CP-DFT recovers the exact
dissociation limit [17].

Last, we apply CP-DFT to the much more com-
plex Kagome metal CsV3Sbs, which provides an excellent
proving ground for studying nontrivial band topology [31],
CDW, and superconductivity [32, 33]. At room tempera-
ture, CsV3Sbs maintains a hexagonal structure compris-
ing a V-atom Kagome layer sandwiched by honeycomb
layers of Sb atoms (Fig. 3a). Its electronic band structure
features van Hove singularities and Dirac points near the
Fermi surface. Upon cooling, CsV3Sbs undergoes a CDW
transition at 80-100 K, followed by a superconducting
transition below ~ 2.8 K [13]. The system exhibits 2 x 2
CDW phases characterized by "star of David” structural
distortions from the pristine Kagome lattice, as well as
an inverse displacement phase. Theoretical work sug-
gests the most stable configuration favors this inverse
star of David (ISD) deformation [14], where the V atoms
form the distorted structure shown in Fig. 3a. To ac-
count for long-range electronic correlations, we employ
a 4 x 4 x 1 supercell, sampling the Brillouin zone with
a 2 x 2 x 2 K-point mesh (detailed in Supplementary
Note 2 [22]). Our calculations utilize supercell lattice
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FIG. 3. (a) Top and side view of CsV3Sbs, with ISD (144
atoms in a 4x4x1 supercell). Green, red and brown balls
indicate Cs, V and Sb atoms, respectively. (b) The 4x4 CP
density in the 2D surface shown in (a), which is also the value
of pair density scaled by 1/n (r) at the reference point (red
cross). (c¢) CP density and the KS density, along the specific
line shown in (b) (ao is the single cell lattice constant).

constants of a = 21.98 A and ¢ = 9.88 A, an energy cutoff
of 600 Ry, and 12 million real-space mesh points.

In Fig. 3b, we present the pointwise CP density at
the V-Sb layer exhibiting the ISD distortion. As paired
electrons are observed near the V atoms [13], we choose
our reference point within a high-density region near a
Vanadium atom ( at z = 2.083 ag, y = 2.083 ag, be-
yond the core) to explicitly probe the localized electron
interactions. As shown by the local density of states (Sup-
plementary Fig. S8 [22]), the density here is dominated
by V 3d orbitals, with negligible contribution from Sb
states. Consequently, the CP density provides a direct
real-space picture of the V 3d local bonding structure.
Compared with the symmetric high-density clouds in KS-
DFT, Coulomb repulsion in CP-DFT strongly reshapes
the local environment, flattening the conditional density
near the reference electron and disrupting the 3d orbital
symmetry (Fig. 3b). The corresponding a-axis linecut in
Fig. 3c further shows the pronounced depletion around



the reference electron.

The fine structure of the CP density offers deep
insights into the intrinsic properties of these materials.
Along the density linecut (Fig. 3b), we analyze the fine-
structure differences manifested in the XC hole (Fig. 4).
For comparison, we calculate the LDA XC hole [34] (Sup-
plementary Note 3 and Fig. S15 [22]), which inherently
exhibits a monotonic and spherical profile. Both are
weighted and normalized by their respective KS densities.
As the reference point is scanned left to right across the
d-orbital density peaks (1.917 ag to 2.167 ag), the XC
holes initially intensify and then diminish (Fig. 4a). For
each reference point, the CP-DFT XC hole exhibits an
adjacent main peak and a secondary shoulder or peak
near a neighboring d-orbital KS density peak, while the
LDA hole displays only a single featureless peak. These
distinctions are further emphasized in the averaged XC
hole, calculated over 32 reference points (1.61 ag to 2.47
ap). The CP-DFT XC hole is heavily concentrated in
the on-top region (near 2.1 ag), whereas the LDA result
remains broad and diffuse. This double-peak structure
between 1.9 ag and 2.1 ag reveals local deformation of
the V 3d electrons, and is further verified by linecuts
along another a-axis direction and the b-axis direction
(Supplementary Fig. S9 [22]).

A possible concern is dependence on the choice of
approximation for the KS calculations (here PBE) via
the self-consistent densities. Such density differences are
typically very small and only significant when inserted
inside different XC functionals [35, 36]. Because CP-DFT
uses the KS scheme to directly calculate CP densities,
such differences should be negligible on our scales. To
check, we performed an LDA-based CP-DFT control cal-
culation using the same reference points and density line
(Supplementary Fig. S10 [22]), yielding no visible effect
on the CP-DFT XC-hole.

The Coulomb interaction induces small positive den-
sity waves near the V atom (at both 1 ag and 3 ap),
yielding an enhanced probability of finding two electrons
at a spatial separation of ~ 1ag, as highlighted in the
inset figures and in the scaled XC holes shown in Sup-
plementary Fig. S11 [22]. These alternating positive
and negative peaks are responsible for the local CDW-
related modulation, contributing to the amplification and
reduction of the CDW-related amplitude. This counterin-
tuitive feature—where strong repulsion coincides with an
enhanced probability of finding two electrons at a finite
separation—suggests the emergence of non-local correla-
tion patterns within the pair density, and is starkly visible
in the Fourier transform of the density linecut (Fig. 4c).
While the LDA result decays rapidly in momentum space,
the CP-DFT results exhibit prominent peaks between 5
QBragg and 8 Qprage arising from the double-peak struc-
ture, along with a small enhancement at Q=1/2 Qgagg-
The high-frequency peaks imply short-range order that
is missed in standard DFT, underscoring the complex

electron-electron interactions in the Kagome lattice.
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FIG. 4. (a) XC holes (A = 1.0) at 10 reference points (red
circles, ranging from 1.917 ag to 2.167 ag), weighted and
normalized by the KS density, with y=2.083 ao. (b) XC holes
along the a axis in the supercell, averaged over 32 reference
points in 1.61 ag ~ 2.47 ao, with linecut shown in Fig. 3(b).
(c¢) Fourier transform spectrum for the averaged XC hole in
(b), with approximate envelope shown by dashed line. The
wavevector unit is Qprage = 27/a0.

Finally, we examine how these electron-electron inter-
actions affect the momentum-space electronic structure.
Fixing a reference electron breaks translational symmetry,
so we diagonalize the CP Hamiltonian in the supercell
and unfold the resulting eigenstates onto the primitive
Brillouin zone to obtain the spectral weight (Supplemen-
tary Fig. S12 [22]). The difference between A = 1 and
A = 0 isolates the correlation-induced changes (Fig. 5).
At the M point, the upper mixture-type van Hove singu-
larity (vHS) at 0.1 €V [37] remains unperturbed. This



preserves the band dispersion’s charge order gap, imply-
ing that electron-electron correlation does not destroy the
experimentally observed charge order. More importantly,
CP-DFT predicts a 2040 meV downward shift in both
the energy and spectral weight of the vHS band near the
Fermi level, suggesting correlation-driven band shifts —
similar in spirit to those observed in CsCrzSbs, where
standard DFT fails without phenomenological correla-
tion [38, 39]. Such a prediction emerges self-consistently
from d-orbital correlations and awaits further experimen-
tal verification. This downward shift is associated with
a negative component of the CP effective potential. Far
from the reference point (Supplementary Fig. S13 [22]),
the XC-hole-induced negative potential screens the bare
Coulomb repulsion and locally yields a net negative poten-
tial. These spectral changes suggest that electron-electron
interactions, properly captured by the correlated pair den-
sity, influence the low-energy electronic landscape.
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FIG. 5. Difference in spectral weight between A = 1.0 and
A=0.0 along I' = M — K —T" high-symmetry path. The Fermi
level is indicated by the red dashed line. The reference point
is located at x = 2.083 ao,y = 2.083 ao shown in Fig. 3.

We implemented CP-DFT for solids and computed
the pointwise pair density and XC hole. Benchmark cal-
culations for He, Na and Si yield XC energies close to
standard KS results. In hydrogen chains, CP-DFT cap-
tures a long-range, approximately power-law decay of the
XC hole. In the Kagome metal CsV3Sbs, CP-DFT reveals
correlated structures with local bonding information of 3d
orbitals. These correlation-induced modulations show a
slightly enhanced CDW-related feature, providing a real-
space view of how electron-electron interactions reshape
density correlations in a topological metal. Beyond con-
ventional energy-based density functional approaches, pe-
riodic CP-DFT opens a route to analyzing the real-space
correlation patterns that underlie electronic instabilities
and ordering phenomena, and may link such correlations
to collective electronic phases, such as superconductivity

or charge order.
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