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We consider systems undergoing very-low-temperature solid-solid transitions associated with minima of
similar energy but different symmetry, and separated by a high potential barrier. In such cases the wellknown “broken-ergodicity’’ problem is often difficult to overcome, even using the most advanced Monte
Carlo (MC) techniques, including the replica exchange method (REM). The methodology that we develop in
this paper is suitable for the above specified cases and is numerically accurate and efficient. It is based on a
new MC move implemented within the REM framework, in which trial points are generated analytically
using an auxiliary harmonic superposition system that mimics well the true system at low temperatures. Due
to the new move, the low-temperature random walks are able to frequently switch the relevant potential
energy funnels leading to an efficient sampling. Numerically accurate results are obtained for a number of
Lennard-Jones clusters, including those that have so far been treated only by the harmonic superposition
approximation (HSA). The latter is believed to provide good estimates for low-temperature equilibrium
properties but is manifestly uncontrollable and is difficult to validate. The present results provide a good test
for the HSA and demonstrate its reliability, particularly for estimation of the solid-solid transition temperatures
in most cases considered.

Introduction
In the present paper we are concerned with the so-called
“solid-solid’’ structural transformations that generally occur
in clusters, such as van der Waals clusters. Although we only
consider Lennard-Jones (LJ) clusters, both the methodology that
we develop and our conclusions can possibly be extended to a
broad range of problems, from protein folding to condensedphase structural transformations.
Despite its simple form, the LJ pair potential is often used to
model atomic and molecular interactions in complex systems,
such as van der Waals clusters. LJ clusters have also become a
benchmark for developing and testing various numerical algorithms.
A systematic analysis of LJ clusters reveals that generic
properties, such as the melting temperature or temperature of
surface reconstruction (see, e.g., refs 1-3), change monotonically with size. However, rich size-specific behavior of LJ
clusters arises at low temperatures because the global energy
minimum is highly sensitive to cluster size. Well-known
examples of this behavior include clusters with sizes n ) 38,
75-77, 98, and 102-104.2,4-11 In each of these cases, the highly
symmetric nonicosahedral global minimum belongs to a narrow
funnel of the potential energy surface (see the overview12
describing a “potential energy funnel’’). A high potential barrier
separates this narrow funnel from an icosahedral funnel. Albeit
energetically less favorable, the low-energy icosahedral structures have higher vibrational entropy and, consequently, become
thermodynamically more favorable at some finite, but usually
low temperatures.2,8 The corresponding structural transformation
is then characterized as a “solid-solid’’ transition. Accurate
numerical simulations of such phenomena are extremely chal†
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lenging and have become possible only recently due to the
efficiency of the replica exchange method (REM)13,14 and to
gradually increasing computer power, which permits extremely
long Monte Carlo (MC) runs. Selected examples of such
calculations can be found in refs 1, 3, 9, 10, and 16. However,
despite some recent successes, it is not hard to find a case that
causes the standard version of the REM to display the “brokenergodicity’’ behavior.
Let K be the total number of replicas at temperatures T1 <
T2 < ... < TK. The sampling efficiency in the REM calculation
at the lowest temperature, Tmin ) T1, depends on exchanges
with higher-temperature replicas, which can in turn exchange
with even higher-temperature replicas. For sufficiently large Tmax
) TK these exchanges eventually allow the low-temperature
replicas to travel between the physically relevant regions
(funnels) of the configuration space. However, to switch funnels,
the configurations of low-temperature replicas must climb the
ladder of temperatures and reach sufficiently high replicas,
where the original configurations can be replaced with configurations from other funnels. Consequently, one factor that
makes the correlation times (i.e., the times associated with such
a travel) very long is the height of the energy barrier separating
the funnels. If the barrier is very high, the value of Tmax, at
which the system becomes ergodic, must be very high as well.
Though the system is ergodic at high enough Tmax, the system
may still need very long times to find all the relevant
funnel(s). Furthermore, to maintain equal exchange rates (e.g.,
50%) between adjacent replicas for a fixed value of Tmax, the
required total number of replicas should grow approximately
as K ∼ Tmin-1.17 This factor too can affect the correlation times
significantly, because a very small value of Tmin results in a
large number of replicas.
Figure 1 gives an example of a system (the LJ31 cluster) that
undergoes a low-temperature structural transformation from the
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introduced in the so-called multidimensional REM (MREM),27-29
which uses multiple swapping variables based on the idea that
some replicas involved in the exchanges may have different
Hamiltonians. Notable are also three recent proposals using the
basin-sampling,11 path-sampling30 and the “min-map” method.31
All the latter techniques attempt to design a general framework
for overcoming the problem of adequate sampling of local
energy minima separated by high barriers. The method that we
develop in this paper is in many aspects very similar to yet
another recent method called “smart darting with parallel
tempering using the Eckart space’’,32 which is an improvement
of the earlier idea of ref 33. In the smart darting method one
attempts to make direct global moves from one energy minimum
to prespecified set of other minima. However, even with the
improvement of ref 32 the problem of having vanishingly low
acceptance probabilities for the darting moves seem to be hard
to overcome.

Figure 1. Low-temperature heat capacity for the LJ31 cluster from
two independent REM calculations, in the absence of exchanges with
the proposed auxiliary harmonic superposition system. In each calculation, averaging was over 1.5 × 109 MC steps, but the convergence of
the low-temperature peak is still not perfect.

Mackay global energy minimum to the lowest anti-Mackay
minimum.3,18 The heat capacity was calculated with a standard
version of the REM. Although a rigorous correlation time
analysis has never been performed for this case, the lowertemperature peak shows noticeable differences between the two
independent calculations, each using as many as 1.5 × 109 MC
steps, where we define an MC step as one attempt to move a
single particle in all the Metropolis random walks. (To reduce
the statistical errors to the thickness of the curve, about 1010
MC steps are needed.) We note also that the case of LJ31 is
relatively easy: because both low-temperature structures are of
the same (icosahedral) type, the energy barrier separating those
structures is not too high. The situation becomes much worse
for LJ38,9 where the random walks have to be an order of
magnitude longer.
Recently, ref 10 reported heat capacities using the REM for
LJ75-77 clusters. The simulations involved an order of 1011 MC
steps per temperature, which is around the practical limit of
currently available computers. The results seemed to converge
based on the observation of stationary behavior starting after
about 1010 equilibration steps. It is only the present methodology
that allowed us to confirm the opposite (see below). An apparent
stationarity that may be the case for a particular MC simulation,
even if it occurs over extremely long times, is not sufficient to
conclude that the convergence has been achieved!
The LJ clusters with sizes n ) 98, and 102-104 represent
even more pathological situations, for which the solid-solid
transition temperatures are lower, whereas the potential barriers
separating the competing funnels are higher. For these cases it
is unlikely that the standard version of the REM can ever
produce converged results.
Since the REM was introduced, numerous modifications of
this method have been suggested. Some of these modifications
combine the REM with the multicanonical algorithm (MUC),2,19-21
and others combine the REM with simulated tempering (ST).22
Generally, the idea is to use replicas with MUC or ST weight
factors to make the exchanges more efficient, thus reducing the
total number of replicas. The MUC factors can be obtained via
recursive MC calculation,23 or using multiple-histogram reweighting techniques24 for data obtained from a short REM
calculation,25 or by Wang-Landau sampling.26 Another way
to improve sampling in comparison with the original REM is

Method
Our proposal to overcome the broken-ergodicity problem, still
within the REM framework, is to add to the set of conventional
Metropolis random walks an auxiliary random walk that can
switch often between two or more funnels. For a given set of
energy minima, we consider an effective potential arising from
the superposition of harmonic potentials approximating the true
potential in the vicinity of each minimum. The use of such
potential allows us to generate independent, canonically distributed random points analytically, thus minimizing the correlation times in the auxiliary system. To the best of our
knowledge, this latter component of our method is new, whereas
the idea of introducing an auxiliary system with better sampling
properties and able to exchange its configurations with the
system of interest is well-known. Note also, that the present
methodology can be characterized as a version of the MetropolisHastings procedure using an “independence sampler’’. A wellknown example of the use of an independence sampler is the
J-walking algorithm,34 in which (approximately) independent
samples are generated by a Metropolis random walk at a high
temperature, taking configurations that are sufficiently far apart
from each other. Here the independence sampler takes truly
independent configurations from the Gaussian superposition.
We consider an n-atom system described by the potential V(r)
using the mass-scaled (ri f xmiri) Cartesian coordinates r ∈
R3n, represented as column vectors:

()

r1
r) l
rn

()

xi
ri ) y i
zi

(1)

Without loss of generality we only consider configurations with
the center of mass located at zero:
n

xmiri ) 0
∑
i)1

(2)

where mi define the atomic masses and ri, the mass-scaled
position vectors.
Let {rR} (R ) 1, ..., L) be configurations of L different energy
minima that are separated by high barriers and are assumed to
contribute to the properties of the system at low temperatures.
Formulation of the present method would be straightforward if
the energy minima were points in the configuration space.
Unfortunately, for a cluster the situation is complicated because
V(r) is invariant not only under translations, inversion, and
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permutations of atoms but also under rotations of the cluster
around its center of mass. Factoring out the translations, every
minimum gives rise to 2∏knk!/hR of 3-dimensional manifolds,
where hR is the order of the point group for the R-th minimum,
and nk defines the number of atoms of the kth type.
Strictly speaking, the 3n-dimensional Gaussian distribution
arising from the harmonic approximation is not a meaningful
approximation to the true low-temperature canonical distribution
and is not even defined uniquely. The latter is because the
harmonic potential, unlike the true potential, is not invariant
under rotations. In what follows we give an unambiguous
definition of the harmonic superposition system, which has the
same symmetries as the true system.
For each minimum, let KR be the 3n × 3n mass-scaled
Hessian, with 3 × 3 blocks defined by

∂2V(r)
KRij )
∂ri∂rj

(3)

KR has exactly six zero eigenvalues, three resulting from the
invariance of V(r) with respect to the translations of the center
of mass and three, to rotations of the whole cluster around the
origin (i.e, its center of mass). When stacked together, the three
rotational eigenvectors of KR form the 3 × 3n matrix

QR )

( )
QR1
l
QRn

(4)

where the 3 × 3 matrices QRi (i ) 1, ..., n) are given in terms
of the components of rR:

(

-zRi yRi
0
-xRi
QRi ) zRi 0
-yRi xRi 0

)

(5)

Let ΩR be a disk of sufficiently small radius δ that belongs
to the purely vibrational hyperplane, i.e., the (3n - 6)dimensional hyperplane orthogonal to all the translational and
rotational eigenvectors of KR. That is,

r∈ ΩR

iff

|r - rR| < δ

and

QTRr ) 0

(6)

We note that r is automatically orthogonal to the translational
eigenvectors of KR due to the assumption of eq 2. Realizing
the identity

QTRr )

∑i rRi × ri

(7)

the conditions ∑irRi × ri ) 0 and ∑ixmiri ) 0 define the socalled Eckart space of configuration rR,35 which has been used
in a very similar context in ref. 32 to account for cluster rotations
in the framework of the Smart Darting algorithm.
For points r ∈ ΩR the harmonic potential is defined as

1
VR(r) ) ER + (r - rR)TKR(r - rR)
2

(8)

together with the normalized Gaussian distribution

GR(r;β) )

1
e-βVR(r)
ZR(β)

(

ZR(β) ) e-βER

β

3n-6

∏ λRi
2π i)1

)

-1/2

(10)

with the product taken over the nonzero eigenvalues, λRi, of
KR.
Note again that the reduced harmonic superposition system
defined by eqs 8 and 9 (as originally introduced in ref 36) is
not yet invariant with respect to the rotations and permutations.
Although this property is irrelevant for the harmonic superposition approximation (HSA),36 it is required here.
For a point r in the vicinity of one of the minima define its
projection

rΩ :) R P r ∈ ΩR

(11)

where P is an appropriate permutation of the atoms and R is
a rotation (possibly including the inversion) of the cluster around
the origin. An algorithm of finding such P and R is described
in the Appendix. The latter turned out to be nearly identical to
that in ref 32. We can now extend the definition of the harmonic
potential to the subset that can be generated from ΩR by the
inversion and all possible rotations and permutations:

Vharm(r) :) VR(rΩ)

(12)

Consequently, we define the canonical distribution function for
the extended harmonic superposition system:

G(r;β) ∼ e-βVharm(r)

(13)

Unlike the reduced superposition system, the extended system
defined by eqs 12 and 13 is invariant under the same symmetry
operations as the true physical system. In particular, at sufficiently large values of the inverse temperature β ) 1/kBT, eq
13 mimics the true Boltzmann distribution,

W(r;β) ∼ e-βV(r)

(14)

Most importantly, random points distributed according to G(r;β)
can be generated analytically, as the latter can be represented
as a superposition of normalized Gaussian distributions. To
correctly account for permutation and rotation/inversion symmetries, we generate the random points only within the set
Ω :) ∪RΩR with the reduced distribution function

GΩ(r;β) )

∑R PR(β) GR(r;β)

r∈Ω

(15)

where the weights are

PR(β) )

1 ZR(β)
Z(β) hR

Z(β) )

∑R

ZR(β)
hR

(16)

For sufficiently large values of β the Gaussians practically
vanish outside the disks ΩR, so we have the normalization
conditions

∫Ω GR(r;β) dr ) 1
R

∑R PR(β) ) 1

(17)

The two probability distributions (eqs 13 and 15) are related as

(9)

Here the vibrational partition function for the Rth minimum is

∫R F(r) G(r;β) dr ∫ΩF(r) GΩ(r;β) dr
)
∫R G(r;β) dr
∫ΩGΩ(r;β) dr
3n

3n

(18)
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for any function F(r) that is invariant to translations, rotations,
inversion, and permutations of identical atoms. This means that,
within the harmonic superposition framework,36 computation
of such properties only requires averaging over the reduced set
Ω. In the cases when the property of interest is not invariant
with respect to the said symmetries, one needs to use the
extended distribution function G(r;β). Once a random point
distributed according to the reduced distribution GΩ(r;β) can
be generated within set Ω, a point in R3n distributed according
to G(r;β) can also be generated from this point by a random
rotation/inversion followed by a random permutation.
We now consider a set of coupled random walks running at
different temperatures according to the standard REM scheme,13,14
which maintains the Boltzmann probability distribution (14) in
each random walk. Such a scheme includes at least two types
of moves, namely, a standard Metropolis move involving a
single random walk, and a move involving exchanges of
configurations between two random walks with similar temperatures. The new moVe can be interpreted as configuration
exchange between a particular random walk and the auxiliary
harmonic superposition system, although the random configurations of the auxiliary system are independent. The implementation of the new move involves analytic generation of a random
trial point r′ ∈ Ω according to the probability distribution (15).
(As described above, if needed, a random point r′ ∈ R3n with
distribution G(r;β) can also be generated.) The trial point is
then accepted with probability

{

P(rfr′) ) min 1,

}

W(r′;β) G(r;β)
W(r;β) G(r′;β)

) min {1, e

β[∆V(r′)-∆V(r)]

}

will be nearly zero. For example, the harmonic approximation
is very good for LJn clusters with n ) 31, 98, 102-104 at
temperatures of the corresponding solid-solid transitions. For
these clusters the switching rates are between 0.01 and 0.1. For
n ) 38, 75 the harmonic approximation is not very good,
resulting in switching rates of 5 × 10-4 and 5 × 10-3,
respectively. Fortunately, for the latter two cases the seemingly
low switching rates are still sufficient to provide adequate
numbers of exchanges between the relevant funnels for simulations using an order of 109 MC steps.
Expression 20 is known in the context of the HSA.2,36 As
long as the potential energy is “well’’ represented by its
harmonic approximation for the corresponding energy range,
eq 20 provides a good estimate for the temperature of the
structural transformation from one minimum to the other.
Consequently, the HSA becomes more accurate for cases with
lower transition temperatures. One should realize though that
even when the harmonic approximation is poor to maintain
appreciable switching rates between different funnels, it may
still be adequate for estimating the heat capacity near the
transition temperature, and possibly vice versa. Note also that,
given E1 < E2, eq 20 will give a positive value of βHSA only if
the numerator is negative, i.e., when the vibrational-configurational entropy of the higher-energy minimum is greater than
that of the lower-energy minimum. This may happen particularly
for certain “magic-number’’ LJ clusters with nonicosahedral
global minima.2
Results and Discussion

(19)

where ∆V(r) ) Vharm(r) - V(r). Clearly, the number of minima
in the auxiliary system can be greater than 2 and the new move
can be utilized independently for different random walks running
at different temperatures.
The new move (as well as the standard REM moves) satisfies
the detailed balance condition, which ensures that the points in
the random walks generated by such moves will be distributed
according to W(r;β). Furthermore, the new move is to be
implemented only for particular random walk(s), for which the
switching rate is significant. Exchanges of configurations
between the coupled random walks maintain ergodicity of the
system at all temperatures.
The sampling efficiency of the new move depends on how
frequently the random walk switches from one minimum to
another. The switching rate in turn depends on the following
two factors.
(i) The probabilities, PR(β), for the trial point r′ to appear in
different minima. This factor can be optimized by adjusting the
value of β. For example, equal statistical weights (P1(β) ) P2(β))
for two selected minima correspond to the value2

In this section we apply our method to LJn clusters with n )
31, 38, 75, 98, 102-104. The part of all the replica-exchange
calculations not associated with the new moVe used the
methodology described in ref. 3. That is, for each cluster the
replica temperatures Tk within the temperature interval of interest
were chosen self-consistently using an adaptive procedure of
ref 14 with the goal that the mean exchange rate between
replicas with adjacent temperatures, Tk and Tk+1, would be about
50%, and remain approximately constant with k. The canonical
averages between the replica temperatures (Tk < T < Tk+1) were
interpolated using the following expression:15

〈A〉T ≈ Rk(T) Ak(T) + [1 - Rk(T)]Ak+1(T)
where

[

Rk(T) ) cos2
and

Ak(T) )

1

βHSA )

k

E2 - E 1

NMC

Zk(T) )
(20)

(ii) How well the harmonic potential approximates the true
potential for points sampled by the canonical distribution at β
) βHSA. The acceptance probability (19) will have an appreciable value when V(r) is not very different from Vharm(r),
i.e., when ∆V(r) is small. However, when the harmonic
approximation is poor, regardless of the other factors, P(rfr′)

2(Tk+1 - Tk)

[
[

∑ exp
Z (T) m)1

1

∑ln(λ1i/λ2i) + ln(h1/h2)
2 i

NMC

∑ exp

m)1

π(T - Tk)

]

]
]

(T - Tk)V(r(k)
m)
kBTTk

(21)

A(r(k)
m)

(T - Tk)V(r(k)
m)
kBTTk

(22)

Here {r(k)
m } (m ) 1, ..., NMC) define canonically distributed
random points at temperature Tk. As long as Rk(T) is a smooth
function with Rk(Tk) ) 1 and Rk(T{k+1}) ) 0, its choice is not
important. Note that in principle eq 22 alone gives an exact
expression for 〈A〉T for any T and Tk in the NMC f ∞ limit.
However, practically, it can be used only when the difference
T - Tk is not too large.
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Figure 2. Low-temperature heat capacity for LJ31 cluster computed
by the present method using three independent calculations. In each
case the averaging was performed using 107 MC steps, which is a factor
of 100 shorter than what was used in Figure 1. Also shown is the result
of the HSA using only the two lowest energy minima.

The simulations were performed using a hard constraining
sphere with radius Rc ) 3σ for n ) 31, 38, Rc ) 3.5σ for n )
75, and Rc ) 4σ for n ) 98, 102-104. The swaps between
each pair of adjacent replicas were attempted once per 100 local
Metropolis moves.
For LJ31 and LJ38 clusters converged heat capacities computed
by the standard REM are available (see, e.g., refs 3 and 9).
Therefore, these clusters are good benchmark systems for testing
new computational methods. Consequently, the present method
was applied to both systems to verify that the heat capacities
computed by the new method are indistinguishable, within the
statistical errors, from those computed by the standard version
of the REM. (The comparisons are not shown here.)
The solid-solid transition in LJ31 occurs at T ) 0.027 and is
due to the competition between the Mackay global minimum
and anti-Mackay local minima structures. Although more than
two energy minima contribute to the low-temperature peak, our
auxiliary harmonic superposition system included only two
minima, one per funnel. The fact that we did not include all
the local minima does not make our method approximate, while
at the same time having the two minima still removes the
numerical bottleneck associated with the slow switching rate
between the two major funnels. Because for LJ31 the solidsolid transition temperature is relatively low, the harmonic
approximation is good and so the switching rate between the
Mackay and anti-Mackay funnels is of the order of 10 %.
Figure 2 shows the heat capacity of LJ31 computed by the
present method using three independent calculations. In each
calculation the averaging was performed over 107 MC steps,
which is by a factor of 100 shorter than what was used in Figure
1, but, at the same time, results in even smaller statistical errors
for the present method. That is, for the case of LJ31, the
numerical gain due to the exchanges with the harmonic
superposition system turns out to be between 2 and 3 orders of
magnitude compared to the regular REM calculation!
We also carried out a calculation in the temperature interval
[0.015:0.05] using the four lowest minima, which according to
the HSA are expected to give the main contribution to the
equilibrium properties in this temperature range. The result
turned out to be indistinguishable from that obtained by the
conventional REM calculation using ∼1010 MC steps. Note that
for this temperature interval the only mechanism that could make
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Figure 3. Heat capacity of the LJ38 cluster computed by the present
method using 109 MC steps per temperature (the dashed curve). It is
indistinguishable from that computed by the standard REM using 1010
MC steps. The shoulder around T ∼ 0.12 is due to the solid-solid
transition from the octahedral global minimum to the lowest icosahedral
minimum. The HSA (the solid curve) using the two lowest minima
results in a small peak around T ∼ 0.14.

the simulation ergodic is the exchanges with the harmonic
superposition system.
Figure 2 also shows the heat capacity of LJ31 estimated by
the HSA

CV,HSA(T) )

[

]

∂ ln Z(β)
∂
kBT2
∂T
∂T

(23)

where Z(β) is computed by eq 16 using the lowest two energy
minima. Notably, CV,HSA(T) agrees very well with the accurate
simulation.
For the other well-studied case of LJ38 a converged heat
capacity was first reported in ref 9. As was first recognized in
ref 37, the thermodynamics of this system below the melting
transition is due to the competition between the octahedral global
minimum and icosahedral local minima structures that belong
to two different funnels of the potential energy surface.37
Because the solid-solid transition occurs close to the melting
transition, it manifests itself in a small shoulder of the strong
melting peak (see Figure 3). For LJ38, as well as for LJ31, the
harmonic superposition system included only the two lowest
minima (one per funnel). With these two minima, eq 20 gives
THSA ∼ 0.14 for the temperature of the solid-solid transition.
At this relatively high temperature the switching rate between
the two funnels is around 5 × 10-4, which is quite low.
However, because such a switching rate is still much higher
than that in a REM simulation alone, the number of MC steps
required to obtain statistical errors less than the thickness of
the curve in Figure 3 is about 109, which gives about an order
of magnitude improvement compared to the standard REM.
In the next example we consider the LJ75 cluster, which has
decahedral global minimum, with the solid-solid transition
toward the lowest icosahedral minimum estimated to be at THSA
) 0.082 according to the HSA.2 As in the previous examples
the auxiliary system included only two lowest energy minima
(one per funnel). The well-converged result using the present
method with 3 × 109 MC steps is shown in Figure 4, where
the statistical errors are estimated to be within the thickness of
the heat capacity curve. The maximum occurs at T ) 0.083,
i.e., just slightly above the HSA estimate. The figure also shows
the results from ref 10 using the standard version of REM. In
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Figure 5. Heat capacities of LJn clusters with n ) 98, 102-104,
computed by the present method (dashed lines) and by the HSA (solid
lines). In each case the peak is due to the solid-solid structural transition
from the global nonicosahedral energy minimum to the lowest
icosahedral local minimum.

Figure 4. Upper panel: the numerically converged heat capacity of
LJ75 cluster computed by the present method. For each of the two heat
capacity peaks the type of the structural transformation is indicated.
Lower panel: the heat capacity in the low-temperature regime is
compared with that computed by two other methods. Each of the seven
curves in the REM calculation has been computed by collecting
averages for successive groups of 2 × 109 MC steps per temperature.
The peak gradually shifts to the lower temperatures, but after about
1010 MC steps stops moving: the last two curves are hardly distinguishable on the plot. The latter also coincide with that obtained by collecting
averages over 1.5 × 1010 MC steps after 1010 equilibration steps. It is
tempting to conclude that the REM calculation is converged!

the latter simulation the global minimum configuration was used
to initialize all the random walks. This explains why the solidsolid heat capacity peak evolves toward the lower temperatures
with increasing number of equilibration steps. It though becomes
stationary after about 1010 steps and its position with maximum
at T ) 0.114 remains the same even after ∼1011 MC steps.
This apparent stationary behavior was mistakenly interpreted
in ref 10 as evidence of convergence.
We also performed calculations for several other LJn (n )
98, 102-104) clusters with nonicosahedral global minima. The
global minimum of LJ98 has tetrahedral symmetry, and the
global minima of LJ102-104 have decahedral symmetry. The nextin-energy local minimum in each case is a Mackay icosahedron.
So far the corresponding solid-solid structural transitions for
these systems have been characterized only using the HSA.2 In
the present study, the replica temperatures were chosen to cover
only the ranges around the low-temperature peak. This choice
is possible because at sufficiently low temperatures only the
two lowest energy minima make a noticeable contribution to

Figure 6. Heat capacity of LJ102 computed by the present method.
The full CV(T) curve was obtained by pasting together the results from
two independent calculations: one using the present method for
temperatures T < 0.03, and the other, using the conventional REM for
T > 0.03.3 For each heat capacity peak the type of the structural
transformation is indicated.

the properties of these systems. For each case we performed
about 5 × 109 MC steps per temperature. The results are shown
in Figure 5. Most interestingly, as in the previous examples the
HSA gives an excellent estimate of the heat capacity at low
temperatures, which is now confirmed numerically. At higher
temperatures all clusters in this size range undergo two more
structural transformations:3 the Mackay-to-anti-Mackay surface
reconstruction and core melting. This is shown in Figure 6 for
LJ102, for which the heat capacity has two other peaks at higher
temperatures.
Finally, Table 1 summarizes our results on the temperatures
of the solid-solid transition in the LJ clusters considered in
this paper.
Conclusions
This paper presents a substantial improvement of the REM
to accurately simulate very-low-temperature structural transformations in many-body systems and demonstrates its applicability to several LJ clusters, including those that seemed
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e1 ) r1/|r1|

TABLE 1: Temperature Estimates of the Solid-Solid
Transitions in LJn Clusters Obtained by the HSA (Eq 20)
Using the Lowest Two Minima and by the Present Method
n

harmonic superposition

present method

31
75
98
102
103
104

0.0264
0.0820
0.0032
0.0119
0.0145
0.0063

0.0271
0.0829
0.0032
0.0119
0.0148
0.0063

so far to be numerically intractable. Orders of magnitude
improvements in terms of the computational times could be
achieved for certain systems that undergo low-temperature
structural transformations due to existence of at least two
competing structural types.
In all cases that we considered (except, maybe, LJ38) the
HSA36 provides a very accurate estimate for the low-temperature
heat capacity around the solid-solid transition. The excellent
agreement between the HSA and the simulations is somewhat
surprising and may even seem disappointing due to the triviality
of the harmonic analysis versus the complexity of the Monte
Carlo simulations. However, the reliability of the HSA had
become evident only after direct comparisons with numerically
accurate results became possible, whereas without such comparisons the uncontrollable approximation provided by the HSA
could always be questioned.
In principle, the method can also be applied in a similar
context to other systems, e.g., to describe solid-solid phase
transitions in bulk materials or equilibrium properties of proteins
involving different conformations. However, the requirement
of an a priori knowledge of the minima representing the relevant
funnels may make the method difficult to apply, especially in
the cases corresponding to excessively large numbers of local
minima involved. Moreover, even when the relevant minima
are known, the method may still be impractical if the transition
temperatures between the minima (cf. eq 20) are too high: at
high energies the harmonic approximation of the potential may
be inadequate, resulting in turn in vanishingly small acceptance
probabilities. One solution to this problem may be, for instance,
an introduction of additional swapping parameters.
Another problem, which makes the present method involving
the new moVe difficult to apply to large systems, is however
consistent with the general property of the Monte Carlo
methodology. Namely, the acceptance probabilities of moves
involving global configuration changes tend to become exponentially small when the dimensionality of the system is
increased, whereas the local moves could potentially have
appreciable acceptance probabilities but are hard to design so
that they could lead to efficient sampling of the whole
configuration space.
Appendix: Identification and Matching of Similar
Cluster Configurations
Given a configuration r ) (r1, ..., rn)T of an n-atom cluster
that is presumably close to one of the reference configurations
rR ) (rR1, ..., rRn)T, we describe an algorithm for finding an
appropriate permutation of identical atoms and rotation of the
whole cluster around its center of mass (possibly including the
inversion) that for the resulting configuration makes the norm
|r - rR| sufficiently small with condition (6) satisfied. The
present algorithm turns out to be nearly identical to that used
in ref 32.
Any two nonparallel vectors r1, r2 ∈ R3 define an orthonormal
basis in R3 as

ẽ2 ) r2 - eT1 r2e1
e2 ) ẽ2/|ẽ2|
e3 ) e 1 × e 2

(24)

and the corresponding orthogonal transformation in R3

O(r1,r2) ) (eT1 , eT2 , eT3 )

(25)

The algorithm starts with orienting all the reference configurations (R ) 1, ..., L) in a special way according to the following
procedure. For a given reference configuration rR, we arrange
the atomic coordinates such that |rR1| ) mini |rRi| and |rR2| )
maxi|rRi|. The cluster is then rotated using

O(rR1,rR2)rRi f rRi

(i ) 1, ..., n)

(26)

To compare a given cluster configuration r with the Rth
reference configuration rR, the following steps are implemented.
(1) The atoms in the configuration of question are relabled
so that the condition

|rRi| -  < |ri| < |rRi| + 

(27)

is satisfied for the first two atoms (i ) 1, 2) and some
prespecified tolerance . (Because the choice of (r1, r2) may
not be unique, the configuration matching procedure may need
to be repeated several times starting with step 1 for all choices
satisfying eq 27.)
(2) The orthogonal transformation resulting from the vector
pair (r1, r2) is then applied to all the atomic coordinates
according to

O(r1,r2)ri f ri

(i ) 1, ..., n)

(28)

The atoms in the rotated configuration are then relabled, so that
the condition (27) is satisfied for all the atoms (i ) 1, ..., n). If
the relabling is successful, configuration rR is assumed to match
the configuration of question.
(3) If the above relabling is impossible, step 2 is repeated,
starting with rotation of the original configuration r but using
the left-handed basis

O(r2,r1)ri f ri

(i ) 1, ..., n)

(29)

(4) If relabling with the left-handed basis is not successful,
the inversion around the center-of-mass (r f -r) is implemented
using the original configuration. Step 2 (possibly followed by
step 3) is then repeated.
(5) If step 4 is unsuccessful, the algorithm returns to step 2
using a new pair of atoms satisfying condition (27).
Iteration following the above scheme proceeds until eq 27 is
satisfied for all ri.
For a successful comparison, to refine the matching of the
two configurations, so that condition (6) is also satisfied, the
cluster is rotated further around its center of mass:

(

)(

)

1 0
0
cos(θ) 0 - sin(θ)
r̃i ) 0 cos(φ) - sin(φ) 0
1 0
sin(θ) 0 cos(θ)
0 sin(φ) cos(φ)
cos(χ) - sin(χ) 0
(i ) 1, ..., n) (30)
sin(χ) cos(χ) 0 ri
0
0
1

(

)
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The unknown rotational angles (φ, θ, χ) are found by minimizing
the function

f(φ,θ,χ) ) |r̃TQR|2

(31)

Note, however, that the minimum value of f(φ,θ,χ) should be
zero. Due to the condition (27) the angles in question (φ, θ, χ)
are very small, so the minimum is usually found in a few
iterations. The cluster configuration is then set to r̃.
Finally we note that the latter optimization problem can be
solved most efficiently using quaternions that allow one to map
it exactly to a 4 × 4 eigenvalue problem. The corresponding
procedure is well described in ref 32.
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