CHAPTER 1

PERIODIC STRUCTURES

Again! again! again! THOMAS CAMPBELL

1.1 Translational symmetry

A theory of the physical properties of solids would be practically
impossible if the most stable structure for most solids were not a
regular crystal lattice. The N-body problem is reduced to manageable
proportions by the existence of translational symmetry. This means
that there exist basic veclors, a,, 2, Ay such that the atomic structure
remains invariant under translation through any vector whach is the sum
of integral multiples of these vectors.

In practice, thisis only an ideal. A laboratory specimen is necessarily
fnite in size, so that we must not carry our structure through the
boundary. But the only regions where this matters are the layers of
atoms near the surface, and in a block of N atoms these constitute
only about N¥ atoms—say 1 atom in 10° in a macroscopic specimen.
Most crystalline solids are also structurally imperfect, with defects,
impurities and dislocations to disturb the regularity of arrangement
of the atoms. Such imperfections give rise to many interesting physical
phenomena, but we shall ignore them, except incidentally, in the
present discussion. We are mainly concerned here with the perfect
ideal solid, and with the properties it shows; the phenomena which
are associated with the solid as the matrix, vehicle, or background for
little bits of dirt, or tiny cracks and structural flaws, belong to a
different realm of discourse.

We represent the translational group by a space lattice or Bravais net.
Start from some point and then construct all points reached from it by
the basic translations. These are the lattice sites, defined by the set

where [, 1,, I, are integers (Fig. 1).

But a solid is a physical structure—not a set of mathematical
points. Suppose that there are some atoms, ete., in the neighbourhoed
of our origin O, The translational invariance insists that there must be
exactly similar atoms, placed similarly, about each lattice site (Fig. 2).
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It is obvious that we can define the physical arrangement of the
whole crystal if we specify the contents of a single wunit cell—for
example, the parallelepiped subtended by the basic vectors a,, a,, a;.
The whole crystal is made up of endless repetitions of this object
stacked like bricks in a wall. But the actual definition of a unit cell
is to some extent arbitrary. It is obvious enough that any parallel-
epiped of the right size, shape and orientation would do—as we see in
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Fig. 2. Alternative unit cells.

Fig. 2. What is, perhaps, not quite so obvious is that the shape can be
altered to some extent. Suppose, for example, that there is some
central symmetry about some point in the structure (and hence, about
all equivalent points). This would be a convenient point to choose as
the centre of a cell, itself with central symmetry. One can do this
systematically by constructing a Wigner-Seitz cell, that is, by drawing
the perpendicular bisector planes of the translation vectors from the
chosen centre to the nearest equivalent lattice sites. The volume inside
all the bisector planes is obviously a unit cell—it is the region whose
elements lie nearer to the chosen centre than to any other lattice
site,
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The unit cell can contain one or more atoms. Naturally, if it contains
only one atom, we centre that on the lattice site, and say that we have
a Bravais lattice. If there are several atoms per unit cell, then we have
a lattice with a basis. In most of what follows, we shall assume, without
special notice, that the structure is a Bravais lattice. This is for
simplicity; in reality only a few elementary solids, such as the alkali
metals, have this structure.

The science of crystallography is concerned with the enumeration
and classification of all possible types of crystal structure, and the
determination of the actual structure of actual crystalline solids.

Fig. 3. Wigner—Seitz cell.

Structures are classified according to their symmetry properties, such
as invariance under rotation about an axis, reflection in a plane, etec.
These symmetries are often of great importance in the simplification
of theoretical computations, and can be used with great power in the

- discussion of the numbers of parameters that are necessary to define

the macroscopic properties of solids. However, to take full advantage
of this theory, one needs the mathematies of group theory, which would
take us too far away from our main topic. If we restrict ourselves
mainly to very simple solids, then most of the symmetry properties

- can be discovered by inspection without formal algebraic analysis.
 In any case, there are many excellent books on crystallography and

on group theory and its applications to the theory of solids.

In these books, the various types of Bravais lattice, etc., are set out
in detail. We shall consider here only one case, which exemplifies many
of the principles of the subject, and which is also of great importance
as a structure which is actually assumed by some elements. This is the
body-centred cubic (B.C.c.) structure illustrated in Fig. 4.
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Fig. 4. Body-centred cubic lattice. (a) Cubic unit cell. (b) Generators
of the Bravais lattice. (¢) Wigner—Seitz cell,
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Fig. 5. Stacking Wigner—Seitz cells of the B.c.c. lattice.

At first sight, this is a cubic lattice with two atoms per unit cell, or
two interpenetrating simple cubic sublattices defined by
I=la,+l,a,+1a, ]
U'=+Ha+(,+1Ha,+(+3) az’}

where 1,1, 1, are all integers. But if we write

(1.2)

a; = %(“az+ay+az):
a; = %(az_‘ay“*"az): (1.3)

a; = §(a,+ a,—a,),

- We can generate all the points of both sublattices by

I=1la,+la,+la, (1.4)

;With li; 1y, Iy integers. We shall find ourselves at a cube centre, or

corner, according as (I; + 1, + ;) is odd, or even.
Thus (Fig. 4(b)) this is really a Bravais lattice. Instead of using a
cubic unit cell we may use the Wigner—Seitz cell (Fig. 4(c)), which is

-constructed by chopping off all the corners of a cube half way along

a diagonal from the centre to a corner point. This figure obviously has

‘the same symmetry as a cube—for example, the original vectors,
a,a,,a, are axes of four-fold symmetry. It also shows, more clearly
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perhaps than the original cube, that the vectors a;, a,, a;, i.e. the
diagonals of the cube, are axes of three-fold rotational symmetry, for
they pass through the hexagonal faces of the cell. 1t is a good exercise
to visualize how these polyhedra can be packed to make the original
lattice (Fig. 5).

1.2 Periodic functions

To define a physical model of a crystal structure we need to give
values to some funetion f(r) in space—Ilocal electron density, electro-
static potential, ete., which can be recognized as an arrangement of
atoms (e.g. Fig. 6). Our assertion of translational symmetry means
that this must be a multiply periodic function

f(r+1) = f(r) (1.5)

for all points r in space, and for all lattice translations.

)

Fig. 7

In one dimension we are perfectly familiar with periodic functions.
Thus, as in Fig. 7, we may have

flx+1) = f(=), (1.6)
where [ is of the form [, @, with I, an integer and a the period of the
function. We also know that any such function can be expressed as a

Fourier series, )
flz) = A, etinaia, (1.7)
E 1
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where n is an integer. Let us write this in the form

f(z) = $ 4,77, (1.8)

[
where the quantities g belong to the set of reciprocal lattice lengths,t
2m
In = ‘n*a", (19)
The coefficients in (1.8) are well known to be defined by

4, = ! flx)e 92 dz, (1.10)

@ Jeen

where in this case the range of integration is, say 0 < z < a—it need
only be one cell of the lattice. The elementary proof that (1.8) implies
(1.6) can be derived from the condition that, for any value of g,

el = 1 (1.11)

for all translations [. This means no more than that
2 .
gl = n—a—llax nl, 2m = integer x 2w (1.12)

when g takes one of its allowed values g, and I = [, . The derivation of
(1.10) also follows from this same relation. We are not concerned here
with mathematically pathological functions, and may use naive

Fourier theory quite freely.
Extension of this theorem to a structure with three rectangular axes

is easy enough. If these axes are a,, a,, a,, then, if

flir+l)=f(r+la,+la,+ ] a) = f(r), (1.13)
we have

fie)= % Algs 9,9 exp (g2 +g,9+9:2)},  (L14)
22 Oys 02
where each of g, ete., is a reciprocal length out of the set 27n/a,, ete.
One can prove this by first analysing f(r} as a Fourier series in the x
direction, then showing that each coefficient in this series is a periodic
function of y, and can be analysed into a further series—and similarly
for 2.
Let us rewrite (1.14) in the form

f(r) =T 4 e, (1.15)
g

+ It is convenient to include the factor 27 in this definition, although in crystallo-
graphy the convention is to leave 2m explicitly in the exponent.



8 PERIODIC STRUCTURES [1.2

where g is the vector with components (g,, g,,4,). This vector has the
property expressed in (1.11), i.e. for any such vector

g'l = (gxla:aa:+gylyay+gzlzaz)

2mn 2mn 2mn
= xmlxax‘{'—ay-ylyay”f'-—a:"zlza
= 27 x integer, (1.16)

whatever the value of I. Thus,
giel = 1 (1.17)
for all lattice vectors I, and for all reciprocal lattice vectors 8.
It is obvious that this condition is sufficient to make the series (1.15)
represent a function like (1.5) with the periodicity of the lattice:

f(r+l) = EAgeig'(t+l) = EAge’!:E-l‘eiE-l
g g

= E}Age‘?" = f(r) (1.18)

One can readily devise a proof that it is a necessary condition, i.e.
that the sum (1.15) may only contain terms corresponding to values
of g that satisfy the condition (1.17).

It only remains to construct the reciprocal lattice vectors for a
non-rectangular lattice. This is easily done as follows: take the
reciprocal triad of the basic vectors, i.e.

a,Aa a.,AQ a.A4a
1=a-z,aA:;’ bZ:a-ZAla’ 3za°1a/\2a’ (1.19)
173A3, 1733A3, 19243,
and write g = g,b;+g,by+gsby

where n;, ete., are integers.
By elementary vector analysis, we verify that b,-a, = 1, ete., and
b,:a, = 0, etc., so that
g1 = (g,by+9:bp+gsbs) - (ha; + 1,2, +1;25)
=gl + g la+93l5
= 27 x integer. (1.21)
Thus, every vector of the set (1.20) satisfies the condition (1.17).

We can also generalize the formula (1.10) for each coefficient in the
series (1.15). It must be a volume integral, which we write

A= —

Vgell J cell

f(r)e—s-rdr. (1.22)
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The proof follows by multiplying the series through by exp (—ig-r),
and integrating. An integral of exp (ig'r) through a unit cell is
obviously zero, if 8 is of the form (1.20), unless g = 0.

1.3 Properties of the reciprocal lattice
The vectors defined by (1.20), i.e.

g = 7y 2mby + ng. 27D, + my . 27rb,, (1.23)

generate a lattice with basic cell spanned by the vectors 2ab,, 27b,,
2mbg. This is the reciprocal lattice of our original direct lattice. It is an
invariant geometrical object, whose properties are fundamental in the
theory of solids. Some of the elementary geometrical properties are
easily deduced.

(1) Each vector of the reciprocal lattice is normal to a set of lattice planes
of the direct lattice.

Choose a particular reciprocal lattice vector g, and a lattice vector I

and consider the relation (1.21)

8-l =2m(n Ly +nyl,+myly)
— 27N, (1.24)

where N is an integer. This tells us that the projection of the vector [
on the direction of g has the length

_2ny
gl ’

But there are infinitely many points of the lattice with this property.
For example, suppose I’ is a lattice point represented by the integers

(1.25)

’

h=UlL—mny, U= ly—mn,, 1= L +m(ng +ny), (1.26)

-where m is an integer. Tt is obvious that

g-l'=g-1= 27N, (1.27)

‘Thus ! has the same projection on g and must therefore also be on the
‘plane normal to g, at distance d from the origin. Thus, if there is one
lattice point on this plane, there is an infinity of such points; we have
‘constructed one of the laitice planes. This relationship between the
direct and reciprocal lattices is, of course, a special case of the familiar
duality between points and planes in three-dimensional geometry.
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(ii) If the components of § have no common factor, then || is inversely
proportional to the spacing of the lattice planes normal to 8.

This follows from (1.25) (see Fig. 8). If {ny, 1y, n4) have no common
factor, then we can always find a lattice vector I” with components

such that g_lﬂ — 27"(N+1) (1.28)
This means that the lattice plane containing I is at a distance
2n(N +1)
dr =" T (1.29)
8|

from the plane containing I.

from the origin—i.e. is spaced 277/|2

Fig. 8

From these two elementary geometrical results we see that the
simplest way of characterizing the planes of alatticeis by theirnormals,
expressed as vectors of the reciprocal lattice. The most prominent
planes in the direct lattice are those which are most densely populated
with lattice sites. Since the density of lattice sites is constant in space
the most prominent planes must be those which are most widely
separated, i.e. those with the smallest reciprocal lattice vectors.

The labelling of lattice planes by their corresponding reciprocal
lattice vectors is equivalent to the Miller indices used in classical
crystallography. Suppose that we have a lattice plane, with normal g,
such that (1.24) is satisfied for all points I upon it. Then if we take a
point such that I, = I; = 0, we have I, = N/n,, so that the intercept
of this plane along the a, axis has length

d, = (g—l) ay. (1.30)

Similarly this plane will cut the a, axis at a distance

g = (H) ao (1.31)
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from the origin. The intercepts of this plane along the axes, measured
in units of the lengths of the corresponding basic vectors, are inversely
proportional to the integers n,, %,, n5. These integers, after removal of
any common factors, are the Miller indices of the plane, expressed in
the form (n,, n,, n).

It is obvious that densely populated planes—i.e. ones with small
Miller indices—are those which are most likely to show up in natural
crystals, either in growth or after cleavage. The study of the geometry
of such faces was of the essence of classical erystallography, and the

d,

4,
7
g:=G L0

g = (1,0,0)

Fig. 8. The spacing of planes with large Miller indices is closer than
the spacing of the principal symmetry planes,

key discovery was that a single set of vectors a,, a,, 8, could be found
such that all the observed faces of a macroscopic erystal could be
represented by small Miller indices.

Two conventions of notation should be mentioned. The symbol
(111) represents the planes (1, —1, —1); the minus sign is put above
the number for coneciseness. The symbol {110}, with curly brackets,
represents all the different sets of planes that are equivalent by sym-
metry to the set (110). Thus, for a cubic structure it might include (101),
(011), (110), (1T0), ete.

(iil) T'he volume of a wunit cell of the reciprocal lattice is inversely
proporiional to the volume of a wnit cell of the direct lattice.
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This follows by elementary vector analysis. The reciprocal lattice
cell is spanned by 27by, 27rb,, 27b,. Using (1.19), its volume would be

(2m)3 (bl-b2 Abg) = (2m)? (agaa,) ;i(la;); ?:123:33(31 A az)}

= (27)3 (3,7 25) [{25°(a,48,)} 2, — {2, (a; A a,)} a,]
(2;a,48,)°
(2m)
(a;-ay4ay)
83

= (1.32)
vC

where v, is the volume of the unit cell spanned by a;, a,, a,.
The factor 87% comes in here because of the way we have defined the
reciprocal lattice. A more common convention is to write

e® ! = exp (2mK - R)), (1.33)

where R; is a lattice vector, and the vectors K  are defined as vectors of
a reciprocal lattice with unit cell volume 1/v,. The disadvantage of
this notation is that the factor 27 keeps turning up in the exponent;
it is also incommensurable with the conventional symbolism

Y= ek (1.34)

for a free-electron wave-function.
(iv) The direct lattice is the reciprocal of its own reciprocal lattice.
This is implieit in the name, and can be verified by constructing,
say, the vector (b, Ab,)/(b, b,ab,), and showing that it is identical
with a;. One can see this by inspection of the derivation of (1.32).
(v) The unit cell of the reciprocal lattice need not be a parallelepiped.
In fact, we almost always deal with the Wigner-Seitz cell of the
reciprocal lattice. This is called a Brillouin zone.

As an example of the properties of the reciprocal lattice, consider an
important and commonly observed structure-—the face-centred cubic
lattice (F.c.c. structure). This is built up out of four interpenetrating
simple cubic lattices, arranged so that if we look at any one of them,
we see an atom at the centre of each face of its unit cell, as well as on
the sites at the corners of the cube (Fig. 10 (a)).

This looks at first, like a lattice with a basis, with four atoms in the
cubic unit cell generated by (a,,a,.a,).
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But if we choose the half diagonals of the faces of the cube,
a; = (0, {a, $a), a, = (ia,0, %a),}

1.35
a, = (1a, 1a, 0), (1.35)
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Fig. 10. Face-centred cubic lattice. {a) As four interpenetrating
sublattices. (b) As Bravais lattice,

then we can reach any site by a combination of multiples of these
(Fig. 10(b)). Thus, the r.c.c. lattice is truly a Bravais lattice with
a,,a,, a,; as generators.

- We could now construet the reciprocal lattice by algebra. But it is
.~ easy to use the geometrical properties noted above. It is obvious, for
~example, that there are important lattice planes normal to the edges
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of the cube. Relative to ordinary Cartesian axes along a,,a , a,, these
planes must have Miller indices (100) (010) (001), ete., i.e. they are the
set {100}. We can see, also, that they are spaced a distance 4a apart,
Thus, they correspond to reciprocal lattice vectors of length

8] = 27/}a

along rectangular Cartesian axes in reciproeal space. Qur reciprocal
lattice must include the whole simple cubic lattice generated by these
vectors.

There is also an important lattice plane normal to the diagonal of
the cubic unit cell, This plane makes equal intercepts on all three axes,
and must therefore have indices in the set {111}. These planes are

(001) An/a

{a) (B)

Fig. 11. (a) The {111} planes of the r.c.c. lattice. (b) The
corresponding reciprocal lattice coll,

- spaced apart by a distance equal to one-third of the whole diagonal
. of the cube, i.e. a distance a/,/3. Thus, the corresponding reciprocal
lattice vector has three equal components and total length 27./3/a;

it must be o
g ="—(1,1,1), (1.36)

In reciprocal space, it is obviously directed along the diagonal of the
cubic cell—but is only half its length. Thus, it generates the body
centres of the simple cubic lattice,

One can now study all other lattice planes—there are, for example,
the {110} sets, which are normal to the diagonals of the faces of the
basic cube—but the reciprocal lattice vectors for these are all con-
tained already in the points generated by the {100} and {111} planes.
Thus, the reciprocal of the 7.0.c. lattice is B.c.c. (and, of course, vice
versa).
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The Brillouin zone of the r.c.c. lattice is the Wigner—Seitz cell of
this reciprocal lattice. We have already seen this figure (Fig. 4(c))—
a polyhedron with square and hexagonal faces. The centres of the
square faces correspond to the directions of the normals of the cube

lanes of the direct lattice. The centres of the hexagonal faces are the
normals of the diagonal planes.

It is interesting to note, further, that the r.c.c. structure is ‘close-
packed’. It can be built up by superposing successive (111) planes,
each of which is a hexagonal network, as of rigid spheres. This is one
of the reasons why it is often adopted by metals, whose cohesion is not
associated with strongly directional bonds but is largely a volume
effect.

1.4 Bloch's theorem

We have learnt how to represent functions with the periodicity of
the lattice. But these are not enough for a physical theory; we need to
consider various excitations of the structure, which will destroy the
exact translational symmetry. Of these there are several types, of
which the most important are lattice waves, i.e. vibrations of the atoms
about their equilibrium positions, and electron states, i.e. motion of
electrons in the field of the static lattice. In Chapter 10 we shall also
consider spin wawves, which are excitations of the spins localized on the
atoms of the crystal.

All these excitations are characterized by a dynamical equation, or
a Schriodinger equation, or a spin-exchange Hamiltonian, which is
invariant under lattice translation. Thus, if ¥7(r) is the potential seen by
an electron at r, then ¥ (r +1) = ¥ (r) for all I. The electron wave-
function ¥(r) must satisfy a Schrédinger equation

e V¥ &
(-—% + (I‘)-—— )140: 0, (1'37)

which remains the same after we have substituted r+1 for r in the
operator that acts on .

In the case of lattice waves and spin waves, the formalism becomes
more complicated but the principle is the same. Suppose that

%y, Ugy +ovy Up, --0)

are the displacements (or spin displacements, or spin deviation
operators, or something) of the atoms at sites 1,2,...,n,.... The
equations of motion (or the Hamiltonian) will contain these variables



16 PERIODIC STRUCTURES [1.4

(or operators}) in such a way that if we make a lattice translation I—
thatis, if we put u,,in the formulae wherever u, occurred previously
—we shall not be able to tell tlr’le difference. In other words, all cells
of the lattice are equivalent, and indistinguishable. It is rather like
the ‘cosmological principle’ which says that the universe looks essen-
tially the same from whatever point we view it.

To formalize this property, let us use the following notation. Let
#(0) and {0) represent the Hamiltonian operator and wave-function
before a lattice translation; let 5#(I) and [I) represent the same
mathematical objects after the translation I. Thus, for electrons
|0> = yr(r), and |[I) = y(r +1). For lattice waves, if |0) represents the
state in which the atom at n is going through some particular motion,
then |I) represents the state in which the atom at (n + I) is performing
that same motion.

The statement of translational invariance is then

H (1) = H#(0). (1.38)
Now the eigenstates must satisfy equations of the formf
H#(0)]0) = & [0). (1.39)

This equation is identical with
AW (D = 8|D, (1.40)

which comes merely by a formal relabelling of all the variables in both
operators and state functions. But, by (1.38), this implies

#0) |1y = €D, (1.41)

i.e. the state function |I) is also a solution of the equation satisfied by
|0). Since [I) is not necessarily identical with |0}, it looks as if we can
generate an immense number of solutions of the equations of motion
just by translations of any one solution that we have happened to
find. All these solutions are, of course, degenerate in energy.

Thisis obviously ridiculous; the new solutions must all be equivalent,
in some way, to our original solution. There are two cases to consider:

(i) Suppose |0) is really non-degenerate (which is never actually the
case, because all lattices have reflection symmetries, as well as trans-
lational invariance). Then the only possibility is that each new state

T In the case of the classical equations of motion of lattice waves, the square of
the frequency w plays the role of the energy, and the ‘Hamiltonian’ is the matrix
of the linked linear differential equations derived upon the assumption that we are
dealing with small deviations from equilibrinm. Ses §2.1.
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\[yis a multiple of |0), and hence physically indistinguishable from it.
There must be some number A; such that

|2 = A.|0) (1.42)
for the result of a single step in the direction a,. Normalization
requires that [/\1[2 _1, (1.43)
so that we might have A, = et (1.44)

where k, is a real number. Similarly, we might have
|a) = €2[0); [ag) = 2|0), (1.45)

for unit translations in the other basic directions. Then a general
translation must lead to the following relation

[y = {l,a,+l,a,+ 1,85
= e |(ly-1)a,+la,+ 1 a5)
= e*ih [0+ [,a,+ 132,

= gitlitinlthsly) |0) (1.46)

as we make I, steps in direction a,, /, steps in direction a,, etc., and
multiply by the appropriate factor for each step.
Let us define a vector k, in the form

k = k1b1+k2b2+ k3b3, (]..4:7)

where b,,b,, b, are the reciprocal triad of a,,a,,a, as in (1.19). The
relation (1.46) becomes 1) = e-110), (1.48)

which is the result we are seeking to prove:

For any wave-function/state function that satisfies the Schrédinger
equation (or its classical or quanial equivalent) there exists a vector k such
that translation by o lattice vector 1 is equivalent to mulliplying by the
phase factor exp (1k-I).

Each different state function may have a different wave-vector k, but
each one must satisfy this condition. It is a strong condition imposed
on the form of an elementary excitation by the strong initial circum-
stance that the lattice is translationally invariant.

But we need the proof in a more general case.

(ii) Suppose |0) is degenerate. For simplicity, suppose that it is
doubly degenerate, so that there are certainly two distinct states [0);
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and |0), of the same energy. Then the lattice translation a, can produce,
at most, linear combinations of these same two states. Thus

|a), = Ti|0), + 172 ]0>2:}

(1.49)
|, = T3 [0), + T3 |0),.

The numbers T}}, ete., are written like this because they are the
elements of a matrix T,, which must be unitary to preserve normaliza-
tion. For conciseness, let us write this pair of equations in the form

(la) = Ty(]0)). (1.50)

But |0), and |0),, being degenerate, are not uniquely defined. We
could have started with any two other states which were linear com-
binations of these. For example, we might have started with

|0}, = S']0), 4 512 10>z?}

(1.51)
[0}, = S21|0); +5%2{0),,

where the numbers S, etc., are elements of another (arbitrary)
unitary matrix S.

Now let us choose S so that the matrix ST, §-1 is a diagonal matrix.
By standard algebraic theory, this is always possible. Suppose, for
example, that it reduces to the form

iky
ST,$7 = (60 63{). (1.52)
It can easily be verified that the states |0}, and |0}, will now transform
under translation exactly as if they were non-degenerate, i.e. as in
(1.42-1.45), . »
[ajh = e®1]0};, [a}, = e%1[0},. (1.53)
The state |0}; has a wave-vector with component k, for the direction
a,; the state [0}, has wave-vector with component %; (in general,
different) for the same translation direction.

But now what about translations in other directions. Consider a,,
For the initial states |0), and [0), there will be another matrix T,
defining the result of this translation, i.e. symbolically as in (1.49) and

1.50
( ) (Jag)) = Ty([0)). (1.54)

We could now reduce this matrix T, to diagonal form, just as in
(1.52), by choosing a suitable set of starting functions. At first sight,
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this does not seem compatible with the set we have used to make T,
diagonal. But consider the following alternative reductions:

Ty(lap) =T, T1(10>)11
T(a) = T.Tu(0)).)
The matrices T, and T, thus commute with one another. There is a
theorem of matrix algebra which tells us that there then exists a
ynitary matrix S such that both T; and T, can be reduced simul-

taneously to diagonal form. Thus, the states |0}, and |0}, will not be
mixed by the translation a,, but will simply be multiplied by phase

factors , o
|2} = et [0}, |ag), = etk |0}, (1.56)

(la;+ay)) ={ (1.55)

A similar result holds for translation by a;, so that we are back at,
essentially the same as (1.45). For each of |0}, and |0}, there exists a
wave-vector such that 1) = 1[0}, (1.57)

The extension to more than two states degenerate in energy is
obviously trivial.

Thus, the theorem is proved in general, in the sense that any
degenerate solution of the wave-function can be represented as a
linear combination of solutions of the same energy each of which must
satisfy a condition of this sort, though not all with the same value of k.

This is Bloch’s theorem. Actually, thereis a general group-theoretical
proof, which follows as a corollary from the theorem that ‘in the field
of complex numbers any representation of an Abelian group can be
reduced to a sum of one-dimensional representations’. The group of
translations of the crystal is Abelian—that is to say, all the elements
of the group commute with one another. This follows from the obvious
circumstance that the translation (a;+a,), say, is identical with
(a,+a,;)—we can get to a lattice point by many different paths, but
the result is just the same. The matrices T, T,, etc., are representa-
tions of these translations, and so can be reduced to diagonal form.

1.5 Reduction to a Brillouin zone

Bloch’s theorem is of such generality that it is hard to grasp it at
this stage. In the case of electron waves, it means that we can lahel
every wave-function by its wave-vector Kk, and write

Pt +1) = e™ -1y (r). (1.58)

2 ZFP
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We notice that an ordinary free-electron wave satisfies this
condition; U (r) = ek, (1.59)

This is to be expected, for we are still dealing with the solution of the
Schrédinger equation in a periodic potential; but this potential
happens to be zero everywhere, The empty-lattice test is often very
valuable in the theory of solids.

It is sometimes convenient to try to make an electron wave-
function of given value of k Iook as much as possible like a free-

electron wave. We put Yi(r) = ety (r) (1.60)

and hope that u, will be nearly constant. In fact, as may be proved at
once from (1.58), the function w,(r) must be periodic, i.e.

u(r + 1) = (1), (1.61)

Bloch’s theorem is sometimes stated in this form,

The factor exp (¢k-I) that appears in the theorem is similar to.the
factor exp (18+1) that appeared when we studied periodic functions.
A wave-vector k evidently has the same dimensions as g reciprocal
lattice vector g; it belongs in reciprocal space. If some state happened
to have wave-vector g, then it would be a periodic function:

Vet +1) = eI (r)

= tr(r), (1.62)
because el = ] (1.63)
for all 1.
Again, suppose the state 1/, has wave-vector k such that
k=g+k, (1.64)

where g is some reciprocal-lattice veetor, and K’ is another vector,
Then by (1.58) and (1.63)

Yi(r+1) = M€+ (1)
= €% 1M Iy (r) = o 1) (1), (1.65)

That is to say, the state i, satisfies Bloch’s theorem as if it had the
wave-vector k', The original label k is not unique; every state has a
whole host of possible wave-vectors, differing from one another by
the vectors of the reciprocal lattice. This does not, of course, contradict
the theorem, which merely asserted that each state must have at
least one wave-vector.
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We are thus faced with a problem; how are we to define uniquely
¢ the wave-vector of a given state? One could use (1.60) as a guide, and
- try to choose k so that w,(r) is as constant as possible—but this is
. arbitrary, and, as we shall see later, even misleading. The proper
~ procedure is as follows:

Consider what happens in one dimension (ef. 1.8-1.12): the analogue
 of the reciprocal lattice is the set of reciprocal lattice lengths

2m
In=71"". (1.66)

: A state may be assigned any wave-number in the set

b2, Lo

that is to say, k is only defined modulo (27/a). All the points k in
" Fig. 12 are equivalent,

reduced zone

Y
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~2nfa  —ula o wla 2n/a 4n/a
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Fig. 12. The points k all reduce to &’ in the one-dimensional reciprocal lattice.

It is natural to take &’ as the representative of all of them, with |£'|
as small as possible. In other words, we always choose for a wave-
number the value that lies in the range

Tkt (1.68)
a a

It is evident that this range is equivalent to a Brillouin zone for our
~one-dimensional system; it is a unit cell of the reciprocal lattice. In
- three dimensions we do the same thing—we choose our wave-vector
- to lie in the first Brillouin zone in reciprocal space. That this is always
 possible follows by elementary geometry. We choose the value of g in
{1.64) to make |k’| as small as possible—that is, to lie as near to the
 origin of the reciprocal lattice as it can. This means that |k’| is to lie
- nearer to the origin than to any other sites of the reciprocal lattice—
_ Which amounts to saying that it lies in the Wigner—Seitz cell of that

2-2
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lattice, i.e. in the Brillouin zone. It is evident that we can reduce any |
point k in reciprocal space to a point in the Brillouin zone, so that any
state can be given a label in the reduced zone scheme. -
Any state may thus be characterized by its reduced wave-vector, |
But there may be many states with the same reduced wave-vector, «
and different energies. The use of the reduced zone scheme thus
prevents us from assigning a distinet value of k to each state.

S

|

S -
T
r - -

Fig. 13. The wave-vectors k all roduce to k’, which lies in the Brillouin Zone,

It is interesting to see what happens to free-electron states in an
empty lattice. Suppose b = e

= gilk—g).r glg-t
= ¢ r(git r), (1.69)

where k' is the reduced value of the actual wave-vector, k. This is in
the form (1.60), since exp (igr) is a periodic function in the lattice:
but it is an extremely artificial representation of a plane wave. If the
energy is given, in the one-dimensional case, by

hi2k?

T 2m

&Ky (1.70)
then it will appear as a multivalued function of k’ in the reduced zone,
InFig. 14, the section 4B of the parabola is moved to 4B’ by a trans-
lation of a reciprocal lattice vector and so on. It is obvious that the
extended zone scheme, in which each state is represented by its ‘true’
wave-vector, kK, would be more natural in this case.




1.6] PERIODIC STRUCTURES 23

1.6 Boundary conditions: counting states

All this assumes complete translational symmetry, which would
. require an infinite lattice. This is tiresome mathematically, because
there would be an infinite number of atoms, and of states to deal with.
' We can only deal with these by treating a system of & finite number of
-atoms, and then going to the limit as this number tends to infinity.
. We might introduce boundaries as if they were real surfaces, at which,
_ say, the wave-functions must vanish. But this also is inconvenient,
. pecause the exact stationary states of the system would then have to
 take account of all the reflections from the boundaries, and would turn
 out to be standing waves. To use such functions to represent the states
 of the conduction electrons, which are usually scattered incoherently
": by impurities or thermal vibrations within a very short distance, is
 mathematically clumsy and essentially unphysical.

. b . !
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Fig. 14. The energy of free electrons in the reduced zone,

There is a mathematical device which deals satisfactorily with the
problem of counting states, yet which does not introduce any direct
physical effects from the boundaries. This is to use cyclic, or Born—von
Kdrmdn boundary conditions.

In one dimension, let the ‘crystal’ have L cells, which are joined in
a cirele. The consequence of this for an electron wave-function might
be expressed by the condition

Yz + La) = (@), (1.71)
ensuring that there is no discontinuity at the junction point.
~ But our Bloch condition in one dimension says

Ve(x+ La) = etklayr (), (1.72)

so that we must have etkla — 1, (1.73)
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2mrm
ie. k=——r 1.74
o (1.74)
where m is an integer.
In a reduced zone in one dimension we have —nja < k < 7/a, so

that the integers in the range
—3L <m < {L (1.75)

will give all essentially different values of reduced wave-number,
There are exactly L such values (when one has taken care of the
different cases where L is odd and L is even—a trivial point) and they
are spaced (1/L)(27r/a) apart. Since L is supposed to be very large,
this distribution is effectively continuous, and of constant density in
reciprocal space.

In three dimensions we extend this argument by asserting that our
macroscopic system is cyeclic in three dimensions. We take it to be a
crystal of dimensions L, a,, I, a,, Ly a, in the three basic directions of
the lattice, and we write

Y(r+Llyay) = y(r), Y(r+Lyay) = y(r), ¥Y(r+Lya) = y(r),
(1.76)
just as in (1.71).
For a Bloch state of wave-vector k, these conditions imply that

eik-(Lla.l) —_ eik-(Lzazj e eik-(Laaa} — 1’ (1.77)
which can only be achieved by having k in the form
K =1lkb,+kby+k;by

_ 2mm,
=~

271y
Ly

2mmg
Ly

b, + b, + b, (1.78)
where m,, m,, m, are integers, and the vectors by, by, by, are, of
course, the reciprocal triad of the set (a,, a,, a,) as in (1.19).

But this result is obviously comparable to the definition of a

reciprocal lattice vector
g = n;.2nb, +n,. 2nby+ 1y 27b,, (1.79)

where ny,n,,n, are integers. The allowed values of k in (1.78) are
obtained by dividing the generators of the cell of the reciprocal lattice
into L, parts in direction b,, L, parts in direction b, and L, parts in
direction by. Thus, a fine rash of points is distributed evenly through
reciprocal space, as in Fig. 15.

To calculate the density of these points, it is only necessary to
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notice that we can cover a unit cell of the reciprocal lattice by allowing
the integers m,, m,, my to Tun through the values

O0<my <y, 0€<my<L, 0<my<lLls, (1.80)
But this is not the cell we should naturally use as a basic zone for
k-vectors. We would do better, perhaps, with the range

by analogy with (1.75). This would give a parallelepiped unit cell
centred on the origin. The best choice of unit cell, however, is the
Wigner—Seitz cell of the reciprocal lattice, i.e. our old friend the
Brillouin zone,
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Fig. 15. The Brillouin gone covers the same area as the parallelapiped unit cell
of the reciprocal lattice, and contains just N ‘allowed k-vectors’,

Now the volume of the Brillouin zone is the same as the parallel-
epiped unit cell, so that it must contain exactly the same number of
‘allowed values’ of k. From (1.80) or (1.81) this number is obviously
Ly x Ly x Ly = N which is exactly the number of unit cells in our whole
macroscopic crystal. This is a most important theorem: there are
exactly as many allowed wave-vectors in a Brillowin zone as there are
unat cells in the block of crystal.

We have already shown (in (1.32)) that the volume of a zone is
873 /v,. If there are N unit cells in the volume V of crystal, then

= V/N, (1.82)
The volume in k-space per allowed k-vector is thus

1 873 8n3

No =T (1.83)
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Thus, there are V/[87° allowed k-vectors per unit volume of reciprocal

space.
In practice, N is very large, so that this distribution is treated as

continuous. We often express a sum over K-vectors as an integral

%] —>fdk = é%fffd%, (1.84)

using the single integral as a coneise notation for the limit of the sum.
It is important to remember, however, that when we actually come to
a definite quadrature in K-space we must include the weight factor
V[87%. We shall usually assume, for simplicity, that V = 1, so that
N is the number of cells per unit volume of crystal and 1/N is the
volume of a unit cell.

The result (1.83) is actually independent of any assumed zone
structure; it is well known in the theory of radiation, and in the case
of free electrons, But for many purposes the fact that the Brillouin
zone contains exactly N allowed points is more useful. It shows that
the zone is essentially invariant, and depends only on the crystal
structure; increasing the size of the whole crystal merely increases
the density of states in k-space.

Actually, it must be confessed that the Born-von Karman condi-
tions cannot be achieved physically. In two dimensions a network of
cells drawn on the surface of a torus is cyclic in both directions, but
for a three-dimensional lattice all three conditions cannot be satisfied
simultaneously by any topological contortions. However, it works
admirably as a mathematical device, and it can be justified by some
messy mathematics. The fact is that the density of states in the
asymptotic limit of large quantum numbers is very insensitive to the
precise form of the boundary conditions. So long as we do not propose
to discuss boundary effects themselves, the cyclic conditions are far
and away the most convenient.
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CHAPTER 8

OPTICAL PROPERTIES

But, soft! what light through yonder window breaks. . ..
Romeo and Juliet

8.1 Macroscopic theory

In this chapter we discuss the propagation of electromagnetic waves
into and through solids. It is well known that some solids are trans-
parent and others are opaque, that some solid surfaces are strongly
reflecting, whilst others tend to absorb the radiation that falls on them.
These effects depend on the frequency of the radiation; we therefore
include the whole electromagnetic spectrum, from long-wave radio
waves to soft X-rays.

Electromagnetic waves are solutions of Maxwell’s equations. We
shall write these as follows

VAH= 2, ¥%g v.Eg_o
¢ ot ¢
- (8.1)
VAE = 222, V-H = 0.
¢ of

In this chapter we shall not consider any magnetic effects: we take
p=1. :

The difference between propagation in free space, and propagation
in the solid is expressed by the two coefficients—the dielectric constant
e and the conductivity . The former defines the magnitude of displace-
ment currents due to time variation of E: the latter is a measure of the
real currents created by the electric field.

The magnetic field may be eliminated between these equations

g _ € O 4o 7
ViE = S50+ ST (8.2)

This represents a wave propagated with dissipation. If we choose the
frequency, v, and write

E = E,exp {i(K 1 — wi)}, (8.3)
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then our wave equation requires
w? droiw
2 el
K=o ——, (8.4)
. w dmoi\d |
ie. K = z(e—}- ” ) . (8.5)

Thus, in general the propagation constant K comes out to be g
complex number. Now in free space we should have, simply

)
K= E: (8'6)
as for a wave travelling with the velocity of light. In the medium th
velocity is modified: we say that the phase velocity is divided by g,

complex refractive index 4o
N=(

+~wy. (8.7)

@

The whole theory of the optical properties, as observed macro-
scopically, can be expressed in terms of N. For example, suppose we
have a disturbance of frequency w trying to propagate as a plane wave
in the z-direction, and suppose we write

N = n+ik (8.8)

for the real and imaginary parts of N. The propagation constant
becomes \

K= he +&U ’. (8.9)
c c
so that the wave (8.3) becomes
E = E exp {z’w(%g—t)}exp (_k_z)_z)’ (8.10)

the velocity is reduced to c/n, and the wave is damped, as it progresses,
by a fraction exp (— 27k/n) per wavelength.

The damping of the waveis, of course, associated with the absorption
of electromagnetic energy. To calculate this we should use Maxwell’s
equations to find the current associated with (8.10). This is the right-
hand side of the first equation of (8.1)

c c

=~?Nm (8.11)
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by (8.7). The rate of production of Joule heat is the real part of

J-E_—_m%’NzEz. (8.12)

Thus the absorption coefficient—the fraction of energy absorbed in
passing through unit thickness of the material—is given by

__Re(J-E)  2ko
~ nlE2 T ¢
The other situation which is often studied is where radiation is

incident upon a plane surface of the material. In general this is a
complicated problem in opties, but we need consider only the case of

(8.13)

Fig. 136

normal incidence. We want to construct a solution of Maxwell’s
equations having the form (8.10) inside the medium, but matched to
an incident and a reflected wave outside. Thus, for z > 0 we write

£, = Eyexp {iw(Nz/c—t)}, (8.14)
whilst for z < 0, in the free space outside, we write
E, = E,exp {iw(zc—t)} + E,exp { —iw(zjc + 1)}, (8.15)

corresponding to a wave of amplitude E,, travelling to the right and
a wave of amplitude Z, travelling to the left. Matching these on the
boundary E,=E,+E,. (8.16)

But there are also magnetic fields associated with these waves, with
magnetic vector in the y-direction, say. Using Maxwell’s equations to

caleulate H, we have ~NE, = E,—E, (8.17)
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when matched to the wave outside. Thus, the ratio of the complex
amplitudes of the reflected and incident waves is

BTN (8.18)
which corresponds to a real reflection coefficient,
I-NE  (n—1)24k2

R= 1+N|  (n+1)24k2 (8.19)

in terms of the real and imaginary parts (8. 8) of the complex refractive
index N,

It is evident that independent measurements of the reflection
coefficient and of the absorption coefficient are sufficient to fix the
values of n and of k. These are, therefore, the optical constants which
one usually quotes, and whose theory we shall consider in this chapter.
In practice the experiments may be much more complicated—e.g,
reflection at an angle to the surface, or transmission through a thin
film~—Dbut the results ought, in principle, all to be described by these
same two coefficients,

However, the coefficients n and k are not quite independent of one
another. They are linked by dispersion relations. A quantity such as
NZ?in (8.11) is an example of a generalized susceptibility, a(w), say, in a

relation D(w) = a(w) F(v) (8.20)

between the Fourier components of a generalized ‘displacement’, D,
and a ‘force’ ¥, at some frequency w. As in elementary A.c. circuit
theory, this would have to be a complex quantity

a(w) = o'(w) +1a”(w) (8.21)

to describe phase differences between D and 7.
But (8.20) is merely the Fourier transform of

D(t) = A(t—tYF(t')dt, (8.22)
in which the displacement at time ¢ is the resultant lGnear response of
the system to forces acting at all other times . But there can be no
displacement until after the application of a force: the response func-
tion is subject to the rigid condition of causality:

A(t—t)=0 for ¢ >t (8.23)

In other words, the Fourier integral for the susceptibility is fully
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defined by

o0

a{w) = ) A(t)e’*’“’tdtzf A(t) et dt. (8.24)
0

without any contributions from negative values of ¢.

To give meaning to such an integral, it is usual to treat a(w) as a
function of the complex variable w, with, say, an infinitesimal positive
imaginary part ie. The form of (8.24) implies, moreover, that this
function has no singularities above the real axis in the complex w
plane, and tends to zero as || - oo in all directions in that region.
A little bit of functional analysis, in which Cauchy’s theorem is applied
to a contour running along the real axis and returning in an infinite
semicircle, yields the formula

a(Q)) = iiﬂf#w g(_—w)ﬁdw (8.25)
where the integral takesits principal value and the frequency variables
are real.

The definition of the Fourier transforms for ‘negative frequencies’
implies that a( —w) is the complex conjugate of a(w). From (8.25) we
deduce the Kramers-Kronig relations between the real and imaginary
parts of the susceptibility (8.21):

ven 2 [Pwa(w)dw
a'(Q) = ;jﬂ S 0F + const., (8.26)
pron  2Q [ a(w)dw
and a"(Q) = 7, oo (8.27)
In our case, the real and imaginary parts of N? are
N2 = (n2—k2) + 2nki, (8.28)
so that we have the conditions
2 f*w2n{w) k(o) do’
%) — k) = —
n?(w) — k3(w) Tffo A + const., (8.29)
20 (= {n¥w') —k}w')}do’

_ A 8.

and 2n{w) k(w) - f S0 . (8.30)

From these relations, if we know, say, the absorption coefficient as
a function of frequency for all frequencies, then we can evaluate both
n(w) and k(w) separately. They are not accidental consequences of
some particular model; the proof, which dependssolely on the causality
condition (8.23), is perfectly general and applies to any linear response
function such as the dielectric function (5.16) or the surface impedance

(8.106).



260 OPTICAL PROPERTIES [8.2

8.2 Dispersion and absorption

The simplest model of a so0lid is a fixed assembly of independent
neutral atoms, What is the effect of an electromagnetic wave on
such a system? In case this theory is not well known, we sketch
it out for a simple case, in which each atom contains only one
electron, in a ground-state orbital ¢,(r), which can be excited to
higher orbitals ¢,(r).

Suppose that the electric field in the wave, near the atom, is given by

E(t) = B (e™ 4 e7i1), (8.31)
ignoring the variation with distance as in (8.3). We follow time-
dependent perturbation theory, and suppose that the electron wave.
function at any particular moment can be written

U(r,0) = gyexp (~idotil) + S cylt) §yexp(—i&Yh).  (8.32)

We treat eE-r as the perturbing potential acting on the electron.
It is easy to prove, by putting (8.32) into the time-dependent
Schrédinger equation, multiplying through by ¢, and integrating,
that the coefficient of the higher state must approximately satisfy
the differential equation

zﬁ% = fgﬂ;" eE(t) 1 ¢ dr elldj—%o i1k (8.33)
which has the solution

1 [ . , .
Cj(t) — Tﬁf eEx xjﬂ(ezmt+ e—tw.!) ei(«?’jub"g) ih
w o

{ 1 wm giR0AE—EN R ] _ pil—Tut &L )R
0

= eE —_— 8.34
eE_r;x ﬁw—i—(éﬂ]*é"o) ﬁw_(é:;_go) }s ( )
ex;, = frﬁ}"ea:gﬁo dr, (8.35)

i.e.itis the matrix element of the dipole moment of the electron in the
direction of the electric vector of the field, between states $oand ¢,

The usual procedure now, in books of quantum theory, is to study
|e;(£)[2, and to show that it oscillates strongly except for such values
of w as satisfy the condition

fiw = fioy, = (&— &)). (8.36)

where

One then proves that there will be a quantum jump from state ¢, to
state ¢;, with probability determined by the square of the matrix
element (8.35).
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But we now follow another line, and ecalculate the value of the dipole
moment of the atom in this time-dependent state. ¥From (8.32) and
(8.34) we have the following

(ex(t)) = fg&*(r, t) exyr(r,t)dr
= Y {ewy;c,(t) et + e o (£) e¥if}
i

1 1
= 2 qa_

} (eiml+e—iwl) (837)

together with terms that oscillate rapidly and out of phase with the
applied field.

Thus, the dipole moment of the atom is proportional to the field.
We say that the afomic polarizability is given by

(x(&)) — Eezlxo;ilz 2(‘).?'

8.38
I e (8.38)

To discuss the order of magnitude of such an expression, we may use
the Thomas—Reiche—Kuhn sum rule—a simpler case of (5.48)..This
reads

2m
2 el = 1 39
it is convenient to define the oscillator strength of the jth transition
2m
Ji = 2z fwy [y, - (8.40)
and write (8.38) in the form
2 .
a(w) = e—E_——zf’ (8.41)

m w,—wz’

where the numbers f; add to unity over all transitions.
If now we bring together N such atoms per unit volume, we have a
medium whose dielectric constant has a real part

€(w) = 1 +4nNoa{w)

2
1 dniNe 5 2f

7

Strictly speaking, we should distinguish between this transverse
dielectric constant, and the dielectric constant for longitudinally
polarized waves of the electrostatic field discussed in Chapter 5. In
the limit of long wavelengths, however—i.e. for normal ‘optical’
phenomena—these quantities are the same, since the screening or
atomic polarization effects are relatively localized and depend mainly
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on the strength of the electric field in the immediate vicinity of each
ion or atom.

This is the prototype of a dispersion formula. It is interesting to
note that it reduces to the case already discussed in §5.7. If the
electrons are ‘free’, in the sense that all the w; are zero and the sum
of the f; are unity, we may write, as in (5.53)

o dmwNet
., —

b= (8.43)

to define a plasma frequency for our N electrons per unit volume;
(8.42) then reproduces (5.67), the formula leading to the phenomenon
of ultra-violet transparency. Notice, however, that there is practically
no direct excitation of longitudinal plasmons by transverse photons.
To observe plasmon lines we need to excite the electron gas with high
energy electrons, or look through thin films where surface plasmon
modes may be observed.

But in general the lowest value of w; would correspond to an optical
or infra-red frequency, and the variation of ¢ with w is more com-
plicated. At low frequencies we might find the static dielectric

constant w?
e(0) = 1+ X/ -5, (8.44)
J i

which isessentially larger thari unity. Bute(0) would not be very large,
because w, for most solids is comparable with an ordinary optical
frequency for the free atom.

'Then, as o increases, e(w) increases until there is a singularity at
o = w;. Thereafter, e¢(w) becomes negative for a certain range of
frequencies before becoming positive again near the next resonance
frequency. Eventually, however, e(w) will tend to the formula (5.67);

w?
e(w) > 1 —a%’-, (8.45)

for w > all w,.

Now in the neighbourhood of each ; we have a region of anomalous
dispersion. In particular, if e is negative, then by (8.7) the refractive
index N becomes pure imaginary; thus

n=0, k=|e} (8.46)
so that by (8.19) there would be total reflection of light from the surface

of the solid. In effect, the crystal would seem to remain transparent,
although with a very high refractive index, up to = w,, would then
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suddenly become opaque and perfectly reflecting, and would then
become transparent again at a higher frequency.

But this would not be consistent with our dispersion relations
(8.29) and (8.30). There must also be some absorption, as measured by
the product 2nkw. This, indeed, is the aspect of the time-dependent
perturbation that we set aside—the absorption associated with the
atomic transition (8.36). This comes as a sharp line at the frequency
w;—presumably a delta function. In order to satisfy the dispersion
relation (8.29) and give the correct dispersion terms in (8.42), we
must have

g 47 Ne?
2un{w) k{w) = 5 Efj (8.47)
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Fig. 137. Dispersion of light.

this must be the imaginary part of the complex dielectric constant

which takes the form
47 Ne? z'1r
e(w) =1+

2 f3 Qw

a(aﬁ—-mg)}. (8.48)

The large refractive index near w; turns into a sharp absorption line
at this frequency.

In practice we never see an infinitely sharp line. There is always
some broadening, from impurities, etc., or just from the natural
radiative relaxation of the levels. As is shown in standard quantum
theory, such effects can be incorporated phenomenologically in the
analysis by inserting in (8.34), say, a decay factor exp (- }I't), corre-
sponding to a decay time (in the square of the amplitude) of the order
of 1/T" seconds.

It is easy to follow such a factor through the algebra as the addition
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Fig. 138. Real and imaginary parts of the refractive index,

Im (&)

Re (&)

Fig. 139. Broadening of dispersion curve,

of }iI' to w,, in (8.37) or (8.38). If we ignore I relative to w}, then we

get for the real part of the polarizability, and hence in the real part

of ¢(w), terms like 0! —

ff'(wﬁ__wz)z_l_wzpz (8.49)

in place of f;/(w? — 2). This has the effect of removing the singularity
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in n and spreading the dispersion function over a range of frequency
of the order of 21" in width.

As is well known, the effect of relaxation on the absorption line
itself is to spread out the delta function into a finite function of the

form I'[2n N 2T wfm

(8.50)

(0, — P+ 1027 (0f —w?)?+ 202

Fig. 140. The Lorentz correction replaces the local field due to the dipoles on neigh-
bouring atoms by the field of a spherical cavity in a uniformly polarized medium,

in the neighbourhood of w = w,. In fact, (8.49) and (8.50) can be
combined into a formula like (8.48)

47 N et 0 — w2 il w
— 1 , J - R I
€(w) + oy ?fa (w?—wﬂﬂ—l—wzfg—i_(w?—m2)2+w“-‘f‘?}
4nNe? ;
— 1+ ¢ J; (8.51)

m 5 (f-o0?)—iwly’

which is more or less the most general type of dispersion formula.
Although calculated for a model of independent atoms, it provides
a phenomenological expression for any system whose absorption
spectrum is a series of discrete lines.

There is one further correction that should be made in this analysis.
The relation (8.42) implies that the local field polarizing each atom is
the same as the macroscopic field applied to the crystal. This is not
strictly true; the atom is not situated in an absolutely continuous
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medium, but occupies a site in a lattice where it is surrounded, but
not permeated, by ‘other’ atoms, similarly polarized (see §2.3). Itig
well known, in elementary electrostatics and magnetostatics, that
there must be a correction to the local field; if the ‘cavity’ surrounding
the atom is more or less spherical, then we have the Lorentz correction
to the local field

Elocal = Emacroscopic+ %ﬂP! (8-52)
where P is the average polarization, This leads to the Clausius—
Mosotts relation e 1

in place of (8.42). The result is that the observed dielectric constant
and refractive index will follow a more complicated formula than
(8.51); for example, the régime of ‘total’ reflection may be avoided.

When the dielectric polarization is due to the lining up of permanent
dipole moments on the molecules of a liquid or solid, we must intro-
duce further corrections, such as the Onsager local field model, which
takes account of fluctuations in the orientation of neighbouring atomie
moments.

8.3 Optical modes in ionic crystals

Let us return to the equations of motion of the lattice, asin §2.1. Tt
was there shown that the displacement of the sth ion in the Ith cell

satisfies (2.7), i.e. .
(2.7) Wiy = = 5 Gurlh) Uy (8.54)
8

Now suppose we drive this system with an electromagnetic wave of
the form of (8.3). We must add to the right-hand side of (8.54) a force

e, Eyexp {i(K+1—wt)], (8.55)

where e, is the charge of the sth ion in the cell.

We only need a particular integral of the differential equations (8.54)
to take account of such an inhomogeneous term. It is obvious that the
assumption of (2.8), with q = K, will remove the space-varying factor;
we get an equation for Ug, the amplitude of the mode of wave-

vector K; Mq st — Z Gss’(K) . Us‘K + e, EO e—twt (8.56)
To see the form of the solution of these equations, let us consider the

simple model of the diatomie linear chain as in (2.22). In practice we
are thinking of electromagnetic waves of very great wavelength on the
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atomic scale, so we may take cos Ka ~ 1. If the two atoms are of
opposite charge, as in a typical ionic erystal, then we have

MU, = 2a0(U,— U)) + eEy e,
} , (8.57)
MU, = 2a(U; — U,) — eEyetet,
These have the solution
(U —T,) = el (1M, + 1/ M,) gt (8.58)

wh — w?

where w,. is the natural frequency of the system at ¢ = 0, as given by
(2.25). We may calculate the dipole moment associated with this
motion and express it as a polarizability of the lattice

 4wNex(1/ M+ 1/M)

dnNa(w) = o — (8.59)

We are thus led, by a purely classical argument, to a dispersion
formula similar to (8.42). The numerator of (8.59) may be written (.2,
indicating that it is very like the plasma frequency (6.81) for the
assembly of ions. Since the ions are much heavier than electrons, this
must be much smaller than 2. On the other hand, wy is just the
frequency of a lattice vibration of long wavelength, which is much
smaller than the energy of any electronic transition in the atoms or
ions. Over a wide frequency range, therefore, we may write

2

s D
e(w) = e{o0) +w?p—w2’ (8.60)

where the error arises from local field effects such as (8.53). In this
formula, e{co) represents the dielectric constant deduced from observa-
tions of the refractive index for w > w;, before electronic transitions
are excited. From this we may deduce the Born equation for the static

dielectric constant 6(0) = €(00) + Q2w (8.61)

In a three-dimensional ionic erystal, wy would be the frequency of
a transversely polarized optical mode, whose dipole moment interacts
strongly with a transverse electromagnetic wave. We have here, in
fact, a polariton—a mixed mode of light and crystal polarization which
is the true mode of propagation in the material. When w passes through
&y, the dielectric constant becomes negative: just as in (5.67) and
(8.46), the radiation would be totally reflected from the crystal surface.
The Reststrahlen effect—a forbidden region for electromagnetic propa-
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gation in the crystal—persists up to the frequency w;, say, where
(8.60) again becomes positive, l.e.

w} = wh + 02[e(0). (8.62)

But the definition of a dielectric constant implies (cf. (5.59)) that a
very large electric field variation may then exist within the crystal
at this frequency without external excitation. This is the analogue of
a plasma oscillation in the ionic lattice, with contributions from both
local interatomic forces and long range electrostatic fields:! w, is the
long wave limit of the longitudinal optical branch of the lattice spec-
trum. From (8.61) and (8.62) we derive a companion to {8.60)—the
Lyddane-Sachs—Teller relation

w5 [wh = €(0)/e(c0) (8.63)

which is quite general for any polar material.

In practice, (8.59) and (8.60) should contain an imaginary term in
the denominator (cf. (8.51)) corresponding to dissipative effects. For
example, energy may be absorbed from the electromagnetic field by
the creation of phonons, which would be linked to the optical modes
by anharmonicity of the force constants (§§2.11, 7.10, 8.4). These
effects would be temperature-dependent and would also be observable
as a variation of the effective foree constant « in the harmoniec approxi-
mation (2.25) or (8.53). It can even happen that the balance of inter-
atomic forces for some set of lattice displacements is so delicate that
this temperature dependence takes w} to negative values below some
critical temperature T\;—an event that we should recognize macro-
scopically as a transition to a ferro-electric phase (§10.5) with a
permanent built-in dielectric polarization of the lattice structure.

The relatively low frequency of the longitudinal optical modes is
important in the theory of the polaron. An electron in an ionic crystal
carries an electrostatic field that polarizes the lattice around it. For
a stationary electron we could use the dielectric constant ¢(0) but the
response of the lattice to a moving electron is limited dynamically
by the frequency w,, which describes the natural oscillations of di-
electric polarization of the medium.

The situation is very much the same as in the theory of plasmons
(§5.8). If the energy of the electron exceeds fiw, an optical phonon
will be produced, and the electron will be decelerated and strongly
scattered. Even when the electron is moving slowly, we must take
account of the virtual excitation and re-absorption of quanta in the
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optical modes; in other words, the electron behaves like a particle
surrounded by a cloud of virtual phonons. The self-energy of this
compound object is a function of the velocity, so that the effective
‘mass’ of the carrier is considerably increased.

The idealized Hamiltonian of the large polaron has been extensively
studied as a model of a strongly-interacting field-theoretical system,
but it is not an easy entity to observe in practice. The model itself is
only valid when the polarization region is somewhat larger than a
unit cell of the lattice; otherwise the self-trapped small polaron model
is more appropriate (§6.7).

8.4 Photon-phonon transitions

In the language of field theory, infra-red absorption by a crystal is
described as the interaction of a photon with one or more phonons. The
selection rules for all such processes have already been deduced in
§§2.7, 2.8, under the guise of inelastic diffraction. In the simplest case,
for example, the change in wave-vector of the diffracted beam had to
be equal to the wave-vector of the phonon emitted, i.e.

k-k'=q (8.64)
and also the change in frequency of the radiation had to be equal to
the frequency of the phonon,

w— =V (8.65)
as in (2.101) and (2.102). In special cases it is possible to satisfy these
conditions without any resultant diffracted wave; the whole energy
and momentum of the photon is transferred to the crystal.

The main point to notice here is that we are dealing with light in the
visible and infra-red region, whose wavelength is much larger than the
lattice constant of the crystal. The magnitude of |k —k’| must there-
fore be extremely small on the scale of the Brillouin zone. For all
ordinary optical phenomena we can take k —k’ & 0, and concentrate
our attention on the possible changes of energy allowed in the zone
scheme; this aspect is complementary to the ‘ diffraction’ point of view
appropriate for X-rays and neutrons, where the change in momentum
is large but the energy differences are not so easy to detect,

The process which we are here considering, the absorption or emis-
sion of one optical phonon, is therefore indicated by a nearly vertical
line at g = 0, in the reduced zone scheme. If the optical spectrum had
several branches, then several different lines ought in principle to be
observed, as in Fig. 141(b). But the magnitude of such processes
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would depend upon the matrix element for the coupling of the electro.
magnetic wave to the crystal. As we have seen in §8.3, this coupling
is 8o strong for the transverse optical modes of most polar crystalg
that a description in terms of weakly interacting photons and phonons
is inadequate and we get the Reststrahlen effect. But optical modes
of very weak dipole moment are found in some compound semi-
conductors, where one-phonon absorption may be observed in light
transmitted through thin films.

v

Y}
/hw

Acoustic

Z.B, o q Z.B. Z.B. o q Z.B,
(a) )

Fig. 141. Absorption by optical modes: {a) one-dimensional scheme;
{&) three-dimensional scheme,

The observation that photon absorption (and emission) processes
are ‘vertical’ in the Brillouin zone suggests that we may have other

‘vertical’ transitions, as indicated in L
Fig. 142. This is a transition involving —~—
an acoustic mode and an optical mode, Z Y
The energy of the photon absorbed is I :\*
evidently made up as follows Vopet
A = ﬁvoptica,l = #V3coustice (8-66) ;
. b |
In effect, a photon, and an acoustic Vacoustic
phonon have disappeared; an optical - T Paa——

phonon has been created. The momen-
tum conditions are also satisfied. We
may ignore the momentum of the photon, and simply assert that

Fig. 142. Multiphonon absorption.

ﬁ’qoptical = ﬁqacoustic: (8-67)

which is implied by the statement that the transition must be vertical,

Such processes are allowed by the selection rules, and therefore may
be observed. They give rise to whole bands of absorption in the far
infra-red. The width and general structure of such bands obviously
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depends on the variety of possible transitions from acoustie to optical
modes and to their spacing. The complete discussion of such processes
isobviously rather complicated, since we are dealing with the difference
of two functions, each of which is a function of q in the Brillouin zone.
This does not exhaust all the possible processes. The above transi-
tions we may describe as ‘difference’ processes. It is also possible to
have summation bands, in which fwo phonons are created out of the
photon energy, but of equal and opposite momenta. In that case

fiw = ﬁVOptical + i?Eva,cousxtic: (8'68)

with ﬁqcptical = —fiQacoustic-

To actually calculate the transition probability we need to know the
non-linear term in the dipole moment as a function of lattice displace-
ment. We need, for example, the tensor B,, in an expression like

Ml =S E As.usl"!" E]usl . Bssr.usit (8.69)
g B8

for the dipole moment in the Ith cell, due to the displacements u,,.
We then use (2.8), (2.10) and (2.129) to express each of the displace-
ments in terms of the annihilation and creation operators for phonons
in the various branches of the spectrum. The term in B,,, corresponding
to the product of two such operators, gives rise to the two-phonon
processes for which we are looking. The actual probability of a transi-
tion will contain the squares of two matrix elements, of the form

(mg+1|af| n) = (n+ I)‘%,}

(8.70)
or <nq_ 1 laqi nq) = né,

corresponding to the increase or decrease of the occupation number of
the phonon states by one quantum. Since the average value of n is
a function of the temperature, as in (2.46), these processes will be
temperature dependent. In general, however, the non-linear coefficient
B, is small, so that these bands are weak by comparison with the one-
phonon processes,

It is worth remarking that the function vy, for any branch, is a
continuous periodic function of q with the period of the reciprocal
lattice (cf. §2.2). It follows that the sum or difference of any pair of
such functions has the same properties. Thus, van Hove’s theorem
(§2.5) applies to the distribution of frequencies; only the four types of
singularity indicated in Fig. 27 can occur in the observed spectrum
(unless the matrix elements introduce extra singularities).



272 OPTICAL PROPERTIES [8.4

In (8.64), {8.65) we wrote down selection rules for the inelastic
diffraction of light—i.e. for a photon |k, ) to be transformed into
another photon |k’,w’) with the emission of a phonon lq, v). This
would be observed as a shift in the frequency of some of the light
scattered by the crystal. This first-order Eaman effect is evidently equi-
valent to one-phonon absorption. The second-order Raman spectrum
of a erystal contains bands from two-phonon processes—and so0 on,
Where acoustic modes of finite wave-vector are involved, we refer to
Brillouin scattering.

The selection rules for momentum (8.64}), (8.67), (8.68) depend upon
Bloch’s theorem (see §2.7). In the absence of perfect lattice transla-
tional symmetry, transitions would be allowed to any point in the
Brillouin zone. An impurity or other imperfection of the lattice thus
induces infra-red absorption and similar optical phenomena which
would otherwise be forbidden. The detailed calculation of such effects
18 obviously very complicated, but sharp lines from localized modes
and peaks from resonances (§2.12) can thus be observed directly.,

8.5 Interband transitions

When the electrons are in Bloch states, forming broad energy bands,
the electronic transitions from full to empty states produce a broad
absorption band. Again, for optical frequencies, K is small on the\
scale of the Brillouin zone, so that one can ignore the wave-vector
of the photon, and assume that all
transitions are °‘vertical’, as in-
dicated in Fig. 143.

We have already written down,
in (5.45), the formula for the di-
electric constant of a semiconductor,

In that case we were more interested  Valence
in the static behaviour at all wave- P2

lengths; we are now interested in the
frequency dependence of €(q,w) at

Conduction band

Fig. 143. Verticalinterband transitions

lopg wavelengths, We have from I 8 sormivondobon.
(5.57)
’ ¢ % (il —(E k)~ Ek+q+B)F
N 4ret Ju
- %wﬁ_wza (8.71)
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~ where fi is an oscillator strength, asin (8. 40), for the transition between
k) in the valence band and |k+ g) (directly above it in the reduced

~ zone scheme) in the conduction band, these states differing in energy

| by the amount 7wy, But since k is continuous, the sum becomes an
integral, of the form

e(0,0) = 1+ (8.72)

L]

471'62J'f(w ) N{w') dw’

22

 where A {w')dw’ is the number of levels having a vertical energy
difference 7iw’, in the range dow’, and f(w') is an oscillator strength—
i.e. a number of the order of unity—for transitions in this range.
This formula for the real part of the dielectric constant is not so
interesting as the imaginary part. Appeal to the dispersion relations
(8.29) and (8.30) shows that the absorption coefficient must be of the
form

2wn(w) k(w) = 7r47re ff w') N (W) 8w —ow')do

277222

() Aalw). (8.73)

We could have arrived at ’she same result by noting that e(q, w) in
(5.45) was provided with an imaginary part, governed by the para-
meter a, which was introduced in (5.1) as the decay constant of the
perturbation being screened by the electron system. It is evident that
this parameter plays the same role as the line-width parameter I'; in
(8.51), which is, indeed, essentially of the form of (5.45) and (5.57).
Thus, we return to (8.73) by retracing the steps from (8.51) to
(8.47)—effectively, by letting the line-width for each transition tend
to zero.

The function .#(w) in (8.73), being the spectrum of the difference
of the energies of the valence and conduction bands, each of whichisa
continuous periodic function in the reciprocal lattice, has only the
van Hove singularities noted in § 2.5. The most important of these is
the absorption band edge, corresponding to the minimum vertical
energy difference #w, between the bands. As shown in (2.72), the
behaviour of the spectrum in that neighbourhood must be of the form

Az(w) o (0 — wg)h. (8.74)
It should be noted, however, that %w, is not necessarily the same as
the ‘energy gap’, &,,,, between the top of the valence band and the
bottom of the conduction band. These points may not be vertically
above one another in k-space: the smallest verfical separation of the
bands may be somewhat larger.
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B Z.B. (0} k ZB.
(a) ()]

Fig. 144. (a) Direct transitions do not necessarily give energy gap.
{b) Phonon-assisted transition.

o

However, it is possible to observe optical transitions corresponding
to fiw & &y, if one allows the simultaneous emission or absorption of
a phonon. Such indirect or phonon-assisted transitions are easily
derived by second-order perturbation theory., We have two steps; for
example, upwards, vertically by the absorption of a photon, and then
to the appropriate minimum in the conduction band by the emission
or absorption of a phonon of large enough wave-vector, q. We need
not worry about energy conservation in the intermediate virtual
state; the over-all condition will be

fiw = Epp + v, (8.75)

where v, is the frequency of the phonon. Since fivy is a small energy
(for example, 0-03 eV.) on the scale of the energy gap, we find that the
absorption band seems to start at about Ggap- But the probability of
indirect transitions is much smaller than that of direct transitions,
and depends on the temperature through the occupation number of
the phonon states, as indicated in (8.70).

This discussion of electronic transitions in perfect crystals assumes
a simple one-electron model. In reality, however, the final state for a
transition such as Fig. 144 contains a hole in the valence band as well
as an electron in the conduection band. If these two particles do not
immediately escape from one another, they may interact, as in §6.7,
to form bound states—Wannier exciton levels— whose total energy is
less than the band gap from which they were created. In other words,
the optical spectrum shows exciton lines below the fundamental
absorption edge. This phenomenon is particularly noticeable in ionic
and crystals, where the Frenkel excitons, although ‘small’ and prac-
tically immobile, have large oscillator strengths corresponding to the
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atomic or molecular excited states from which they derive. In such
materials the coupling between the electromagnetic field and the
excitonic amplitude may be strong enough to produce polariton modes
of propagation (cf. §8.3).

The optical properties of semiconductors and ionic crystals are also
greatly complicated and enriched by the effects of impurities and
imperfections. Thus, one can observe a variety of absorption lines
associated with transitions between the hydrogen-like levels of
charged impurities (§6.4).

The theory of optical transitions in colour centres is made somewhat
more complicated by the lattice distortion about the imperfection.
Since this distortion is affected by electrostatic interaction with the
optically active electron, it must depend on the electronic state of the
system. The eigenstates of the imperfection must therefore be de-
scribed by both electronie and atomic co-ordinates. But an optical
transition takes place in the periodic time of the frequency absorbed
or emitted, whereas the time needed for the lattice to distort into the
configuration required by the new electronic state would be the periodic
time of a dynamical mode, which is very much longer. The transition
must therefore be treated as non-adiabatic or sudden from the point
of view of the lattice (cf. §6.11).

This is the basis of the Franck—Condon principle, illustrated in
Fig. 145. Suppose that the distortion of the lattice about the imper-
fection can be measured by a single co-ordinate #, such as the amplitude
of a ‘breathing’ displacement of the ions, inwards or outwards. When
the electron is in state |a), say, the potential energy of the lattice
has a minimum at some value u,, which is not the same as the equi-
librium displacement, u, for a different electron state |b). Optical
absorption from |a) to |b) will proceed without change of lattice dis-
tortion—i.e. ‘vertically’ along the line u = #,. On the other hand,
emission must occur along the w,, corresponding to the equilibrium
displacement in the initial electron state |b). Evidently, fiw,, + fiw,,.
In practice, however, we must allow for thermal excitation of the
lattice modes near each potential minimum. Phonon emission will
broaden the lines and eventually, at high temperatures, smear out the
difference between the two processes.

Interband optical transitions are, of course, also observable in
- metals—being modified to allow for the fact that the electrons may
not completely fill a band, or may fall into several different zones. The
theory of such transitions follows, in principle, the argument of this
section-—but of course the phenomenon may be somewhat masked by

10 ZFP
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.
. =N
U

Fig. 145. Optical transitions at F-centre, showing effoct of lattice distortions: absorp-
tion, A B’ requires higher energy than emission, BA’. At high temperatures, phonon
levels combine with electronic transitions in both directions, 4”B”.

the high reflectivity associated with the conductivity of the electron
system (see §8.6).

Anotner phenomenon which is es-
sentially equivalent to an interband
transition is the emission of soft X-
rays. When an electron is removed
from one of the deepest levels in an
atom of the solid, X-rays are emitted
by the transition of an electron down
from various other levels. We are Pié?,‘e’%i‘:
concerned with transitions from the
valence bands of a metal—it is in-
tuitively obvious that the spectrum
of the emitted radiation will show a Fig. 146. X-ray emission.
band of frequenciesreflecting the band
of states occupied by the conduction or valence electrons.

The actual shape of this spectrum will depend on the product of the
density of states in the band with the square of the appropriate matrix
element for the transition. It is well known that the interaction
between an electron and the electromagnetic field proceeds via the
momentum operator for the electron (i.e. by the current produced by

Conduction
band

)

\ o
o
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its motion) so that one must study matrix elements like
[y em s grad g r)ar, (8.76)

where ¢, is the atomic orbital from which the electron is missing and
K is the wave-vector of the X-rays. The wavelengths associated with
such transitions are still long on the scale of atomic distances, so this
wavy factor can be ignored—and, since ¢_(r) is a localized function
;here is no selection rule for momentum.

However, this matrix element may vary considerably through the
»and, according as the level ¢, is an s-state or a p-state, and according
18 Y(r) is more or less s-like or p-like in the interior of the atom. There
wre also effects due to electron—electron interaction. The exact shape
f the emission spectrum is not, therefore, necessarily a direct measure
f the density of states, although it should reflect some of the features
f that function, especially the sharp cut-off at the Fermi level.

Optical or X-ray absorption by a crystal is accompanied by the
xcitation of electrons into higher levels. In a semiconductor or
sulator these excited electrons are normally mobile, hence giving
ise to photoconductivity. But carriers produced in this way are very
usceptible to trapping by impurities and imperfections, as w1tnessed
y a multitude of complex experimental phenomena.

Given sufficient energy, the électron may be photo-emitted through
he crystal surface. The elementary Einstein formula for the photo-
lectric effect merely tells us that its energy outside the surface cannot

xceed Eax = Ti0 — By (8.77)

ince it must have surmounted the work-function barrier, ¢, (§6.9).
‘ut photo-electrons of lower energy must have come from levels
rithin the crystal below the Fermi energy. Direct measurements of
(€, w)—the energy distribution of emitted electrons for given photon
equency—should give a great deal of information about the pro-
abilities of transitions from occupied to empty band states, similar
» those responsible for the absorption of light.

To interpret these observations, we naturally construct an energy
wvel diagram (Fig. 147) and count vertical or direct transitions in the
anner of Fig. 143. In principle, with control over both & and @
e should thus obtain somewhat more information about the band
ructure than is given by, say, the interband spectral density of (8.73).
1 practice, the photo-emission spectrum for many crystalline solids
oes not conform to this pattern, but seems to behave like

(&, w) ~ p/&) pi(& —w), (8.78)

10-2
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as if ‘non-direct’ transitions were allowed indiscriminately between
initial states of energy density p;(¢’—7w) and final states of energy
p{&). The experiments are technically difficult, but unequivocal: it is
not yet clear whether this discrepancy with simple theory is due simply
to the breakdown of crystal momentum selection rules near the
emitting surface as in L.E.E.D. (§ 6.9), or whether many-electron effects
are responsible.

Sl . ()
¢ A fiw
y
__twi |4
l pi(& —hw)

Fig. 147. Photo-emission.

8.6 Interaction with conduction electrons

What happens to the optical properties when the solid is a relatively
good conductor ? Suppose, for example, that we ignore ¢ in the formula
(8.7) for the complex refractive index—an assumption that is valid
for metals.

Then we have 4o .

2 _ MY
Ne =—=i, (8.79)
and the real and imaginary parts are equal in magnitude;
1
n+ik = (ggi') (1+9). (8.80)

The most obvious consequence of this is that the reflecting power of
the solid becomes very high. From (8.19),

}
R ~ 1—2(5%) , (8.81)

which is known as the Hagen—Rubens relation. The deviation from
perfect reflectivity is proportional to

(%‘;)i N (%)i (8.82)
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where 7 is the relaxation time in the classical formula (7.33) for the
conductivity, and w, is the ubiquitous plasma frequeney of the
electron gas. We know that this ratio will be quite small even when
w approaches infra-red frequencies.

But this elementary macroscopic theory assumes that ¢ is inde-
pendent of the frequency. This will not be true when the field oscillates
so rapidly that the electrons are not given time to make collisions, i.e.

when wr > 1. (8.83)

To investigate this region we must return to our transport equa-
tion (7.14).

For completeness, and later reference, let us write down the
Boltzmann equation for a distribution that may vary in space and

time:
AN g Ok , Ogy
eE Vk(_%_)ﬂ?+vk é“;"i“é‘;. (884)
We assume a relaxation time as in (7.17). The variation of the ‘out of
balance’ distribution g, with time may be included explicitly; as we
see from (7.7), this is what is left over when all the other contributions
to of,/ot have been accounted for.

Now suppose E = Ejexp {i{(K 1 - wt)}, (8.85)

as in (8.3), and that g, varies, in space and time, in the same manner,
by ‘sympathy’. Thus, let us write

of° -
gy = (_ég) O(k) exp {¢(K+r - wt)}. (8.88)
Substituting in (8.84), we have
eE, v, = (D—S_li) + 1K v, O(k) —iw®(k), (8.87)

which has the solution

D(K) = ervi E,

l —twr 437K v, *

(8.88)

The linearity of our Boltzmann equation makes this elementary

solution possible.
For the conductivity we have, as in (7.20)-(7.24),

o-Egmiquk)v 43p

4978 v,

e? TVy Vi dSg
= e ‘E,. 8.89
4ﬂ3f1—i7(w—K'Vk) fivy “0 ( )
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Thus the conductivity itself has real and imaginary parts; the real
part of o will contribute to the imaginary part of N2, whilst the
imaginary part of o will look like part of the real dielectric constant,

For an ordinary electromagnetic wave, in which the phase velocity
is greater than the Fermi velocity of an electron, we can drop the term
K-v,, which is much smaller than w. For formal simplicity assuming
that the metal has cubic symmetry, we get from (8.89)

() = e? J"rv(l + iwT)

1273 ) (1+w2r?) ¥

1+ swr

where o(0) is the ordinary static conductivity of the metal.
This formula should be put into (8.7) and (8.19). If we take ¢ =1,
i.e. if we ignore any internal polarizability of the ions, then we have,
from (8.7), (8.8), (7.33), and (5.53), for the real and imaginary parts

of N? _dno(0)wr

n2—k?=1- "
w(l + w?r?)

2.2
Wy T

=1——P"
1+ w?r?

(8.91)

4o (0)
and 2nk = m’zﬂ)
Wi T

= o1+ )’ (8.92)

where, once more, the plasma frequency of the electron gas plays a
most important role.

There are three different frequency regions covered by this Drude
theory.

(i) w € 1/r., This is the ordinary low-frequency region. The
imaginary part of N? is much larger than the real part, so that the
metal is strongly reflecting, and the Hagen—Rubens relation (8.81)
is valid. The absorption coefficient is more or less independent of w,
and is proportional to the conductivity. The real part of N?is negative,
and much larger than unity in magnitude.

(ii) 1/ € w € w,. This is the relaxation region where w?r? takes
over in the denominators of (8.91) and (8.92). The absorption co-
efficient falls rapidly, proportionately to 1/w?>—and, strangely, is
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inversely proportional to the conductivity. The imaginary part of N2
becomes less than the real part—but this is still large and negative,
being now of the form 2
w
n—kt=1—-2 (8.93)
w

a8 in (5.67) and (8.45). Thus, the metal is still strongly reflecting, with

(8.94)
108
7
n
k
105 1
1—-R
1ot —10~2
102 | -~ 104
|
!
|
1 : - 106
;
}
_2 I 8
10 | ) - 10~
ln " } Ll IF‘ -

Hagen-Rubens 1/7 Relaxation % U.V. transparent

Fig. 148. Schematic behaviour of optical properties of metals, showing real and
imaginary parts of dielectric constant, reflection coefficient and absorption coefficient.
Note logarithmic scale of frequency.

(iii) @, <€ w. Thereal part of N2 becomes positive, and the reflecting
power falls to zero. The metal should now appear more or less trans-
parent, with an absorption coefficient

2wn(w) k(w) o}
c ~ wtre”

(8.95)

The formulae (8.91) and (8.92) imply certain relations between
n and k, as functions of w, which are not, in fact, always obeyed. But
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this can, to some extent, be understood if one supposes that the
relaxation time, 7, in the integral (8.89), is not a constant, but varies
over the Fermi surface. Thus, we can, in principle, distinguish three
different integrals

ffvdSF, J}ﬂvdsF, fgdsp, (8.96)

corresponding to three different types of average of 7(k) over the
Fermi surface. There is no reason why these different averages should

all be equal.
We also notice that the real part of N2 at high frequencies depends
upon the integral
fvdSF, (8.97)

which is, for free electrons, proportional to the number of electrons
and inversely proportional to their mass. In the density of states, on
the other hand, there appears a different type of average of the velo-

city—a harmonic mean as
F

- (8.98)

as in (4.6). The difference between these two types of average can give
information about the anisotropy of the electron velocity over the
Fermi surface. It is not wise to ‘correct’ observed values of (8.97) by
a factor associated with an ‘optical mass’, which then turns out to be
very different from the ‘ thermal mass’ that would be required to make
(8.98) fit the free-electron formula for the electronic specific heat. The
implicit assumption that all Fermi surfaces are spheres often turns out
to be unjustified even for monovalent metals.

8.7 The anomalous skin effect

The Hagen-Rubens relation (8.81) may break down in another way.
The absorption coefficient given by (8.79)is very high and the electro-
magnetic wave is very rapidly attenuated as it enters the metal. The
damping distance, as derived from (8.10) and (8.80), is of the order

= ——. 8.99
(2mow)t (8.99)
This phenomenon is well known, classically, as the skin effect. We

refer to &, as given by (8.99), as the classical skin depth, d, .

At high frequencies this may become very small. If we have a metal
of great purity at low temperatures, we find that the skin depth can
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become much less than the electron mean free path, A. The ordinary
theory of the electrical conductivity is no longer valid; the effective
field acting on a carrier is varying rapidly over the distance the carrier
moves between collisions.

To deal with this case we must try to solve the Boltzmann equation
with g, varying in space. If we ignore the time variation of E and g,
(and this phenomenon can easily be observed at frequencies well below
the onset of the relaxation régime discussed above), then we have,

as in (8.84),
eE(r)-Vk(—a—f—) = g—k—i-vk-?g-’f (8.100)

as the differential equation to be solved for ¢,.

The most direct procedure for the solution of (8.100)—a procedure
that is applicable to a variety of problems involving surfaces, thin
films, wires, etc.—is to use the Chambers formula,

glv,r) = g ( "gfé:) frv-E(r’) e~slrdy’, (8.101)

1t is not very difficult to prove, quite formally, that this is a solution
of the differential equation; it is simply a generalization of the usual
formula for the solution of an equation of the form dy/dz + ay = f(x).

Whatit means, physically, is that the electron current at the point r,
in the direction v, depends upon the previous history of the electrons
that contribute to that current. The integral is not over all space, but
simply over the distance s’ back along the trajectory passing through
r in the direction v. Thus, at the point r’ the electrons are accelerated
by the force eE(r’). But this contribution decays with time, because of
relaxation processes; the exponential factor measures this effect as a
function of distance along the trajectory. This semi-classical formula,
is closely related in principle to the Kubo formula (7.15) where we
similarly integrate over the previous history of the system.

From (8.101), one can calculate the total electric current by the
usual formula (7.20). But we notice that this current will be a funetion
of r—and also of the boundary conditions on the function g(v,r).
Thus, there is an integral equation defining J(r) as a functional of the
distribution of electric field E(r). On the other hand, these two
quantities are linked by Maxwell’s equations in a form more general

than (8.2), i.e. 4 dJ

2 o
VE_02 dt

4w
=—3

J(r) (8.102)
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(ignoring the ordinary displacement current). Thus, one can solve the
integro-differential equation, derived from (8.101) and (8.102), and
obtain the distribution of J (r) and E(r) in the neighbourhood of the
surface.

Fig. 149. Only electrons in the skin depth are ‘effoctive’,

electric field. If, for example, the skin depth ig d¢’, then one may
suppose that only a fraction 0'/A of the electrons are ¢ffective in the
conductivity, We may write Py

o' = g-ﬁK o, (8.103)

for the apparent conductivity—the number B being just a ‘fudge
factor’.
But then, a surface with this conductivity would, according to
(8.99), itself have a skin depth
5 — c
(27m07w)t

= ° (8.104)

*’
(277%,8%0’0w)

which ean be solved for ", and for o', Thus

o = (%_'f)&;l; (9%)) §; (8.105)
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the effective conductivity will appear to behave as w3, but will be
independent of the electron mean free path, which cancels with the
ordinary static conductivity oy, We are then in the conditions of the
anomalous skin effect. What one does, in practice, is to make the surface
of the metal part of a resonant cavity, and then observe the effect
upon the resonance properties of the cavity. For examples, one
measures the surface tmpedance, which is just

Z(w) = —4wiw———(a§,(/22) T 4—;5 (8.108)
in the notation of §8.1.

There are various other changes in the theory of the apparent
optical properties of metals in the anomalous limit which can be
worked out, especially when one gets into the relaxation region of
frequencies. For example, there is an additional absorption of power
from a reflected wave due to the actual scattering of electrons from
the surface, if this is ‘rough’——a contribution that is as large as the
effects calculated in the previous section where such scattering was
ignored,

The most interesting property of the anomalous skin effect is,
however, its dependence on the geometry of the Fermi surface. As
we saw above, only the electrons travelling nearly parallel to the
surface are ‘effective’ in the conductivity. If our specimen is a single
crystal, then those electrons derive from a narrow belt running round
the Fermi surface. If the Fermi surface is highly anisotropic, we should
see different values of the surface impedance according as we measure
on different cuts of the metal crystal, and at different orientations of
the field.

The geometrical property that is being measured can be derived
by an extension of the ineffectiveness concept, (8.103). We assume that
we need only consider electrons whose velocity vectors lie within an
angle + f#¢'/A of parallelism with the (=, y)-plane, which defines the
metal boundary (we take the electric field in the z-direction).

At some general point, P, on the belt of effective electrons, the
velocity v makes an angle § with E. The width of the belt there will be
20" |p|/A, where |p| is the radius of curvature in the plane of v and of
the z-axis. An element of the circumference of the belt, of length ds,
will thus correspond to an area of Fermi surface

ds = ?E‘i{—lﬂ ds, (8.107)
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and will evidently contribute to the conductivity in the z-direction,
by the usual formula (7.23),

7 e2
do,, = 555 e as,

_ e 286" |p|
= 47r3ﬁA cos 6—T cos @ ds. (8.108)
| .

X

T

Effective
electrons

Fig. 150. Belt of effective electrons on a Fermi surface.

Thus, the total apparent conductivity of the metal will be

,  eXpy
o = zﬂaﬁf]pfcoszﬁds

e’
= 27ﬁﬁ5£;py[dky, (8.109)

where p, means the radius of curvature, on the belt, of a section of the
Fermi surface parallel to the (z, z)-plane, and we integrate over the -
range of the momentum component k, around the belt. This is the
quantity we put into (8.104), and then solve for 8’ and o separately.
A more complete analysis shows that

87

ﬂ=343

is the proper value for this arbitrary ‘fudge factor’.

The beauty of this result is that the surface impedance does not
depend upon the mean free path, or velocity, of the electrons, but only
on the local curvature integrated round a well-defined belt. The

(8.110)
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integral (8.109) is especially sensitive to regions of large radius of
curvature—that is, to relatively flat portions of the Fermi surface.
It thus provides information that is to some extent complementary
to other ‘effects’, which often depend on small details and little bits
of disconnected Fermi surface. It is not, however, easy to invert the
relation between a given surface and the values of a set of integrals
like (8.109) for belts drawn in different orientations; a tedious pro-
cedure of trial and error is usually necessary.

8.8 Ultrasonic attenuation

Although not strictly an ‘optical’ property, the theory of the
attenuation of high-frequency elastic waves by interaction with the
conduction electrons in a metal comes most naturally in this chapter.
A sound wave in a solid gives rise to electric fields which accelerate
electrons in much the same way as an electromagnetic wave. But the
velocity of sound is so much less than the velocity of light—Iless even
than the Fermi velocity of the electrons—that certain special effects
are observed.

In the ordinary low-frequency region, the attenuation can be
calculated by appeal to elementary kinetic theory. A gas of electrons,
of mass m, number density n, average velocity vz and mean free path A
would have a viscosity 7 = inmAvg. (8.111)
This viscosity can be included as a term in the ordinary classical
equation for the forces acting on an element of the medium. The
attenuation constant for longitudinal elastic waves of frequency

comes out as
4

=5 s’

(8.112)
where D is the mass density and s is the velocity of sound. These may
be put together into various forms, for example

210292
4 w*mvyp

“= 15 eDs

(8.113)
in terms of the conduetivity (7.33).

If the metal is very pure, and the measurement is made at low
temperatures, the relaxation time of the electrons is greatly increased.

Yet it is still difficult, with ultrasonic waves, to get into the relaxation
. region where wr > 1. However, because the velocity of sound is so
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much less than the Fermi velocity, it is possible to get the mean free
path longer than the wavelength of the sound, i.e. to have

gA > 1. (8.114)

To discuss this case, we return to ( 8.89), where we constructed g
formula for the solution of the Boltzmann equation in an electric field
varying sinusoidally in space and time. In effect, we found a generalized

conductivity e? TVV ds
F
4ﬁ3f1 —ir(@—q-v) fv

o(q, 0) = (8.115)

When discussing this formula in §8.6, we took ¢ = 0, on the grounds

that the velocity of an electromagnetic wave is so large that its wave-
number may be taken to be nearly zero. But when the electric field is

Fig. 151. Surf-riding resonance.

generated by an acoustic wave, which travels so much more slowly
than the electrons, we must retain this term. The real part of the
conductivity then comes predominantly from regions of the Fermi
surface where w ~ q-v. This is another way of saying that the com-
ponent of the electron velocity in the direction of propagation of the
wave is equal to the velocity of sound.

This isknown as the surf-riding resonance. An electron that happens
to be on the crest of the wave can continue to draw energy from the
field by travelling in a direction nearly normal to the propagation
vector of the wave. It isevident that only a few electrons on the Fermi
surface can satisfy this condition. If we neglect w completely, it
defines a belt round the Fermi surface where the electron velocity is
normal to g—a belt of exactly the same form as the one defined in the
theory of the anomalous skin effect (§8.7).

It is not difficult to evaluate (8.115) in the limit gA > 1. The
effective width of the belt depends upon the rate at which TQ -V
increases as we go away from the exact resonance position. The larger
the value of 7, the narrower does it become. Just as in (8.107), the
element of ‘effective’ area is proportional to the local radius of curva-
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ture of the surface, and inversely proportional to A. For example, one
can prove by elementary differential geometry the exact formula for
the limit gA > 1 o2
Oaa(d, 0) = Mfﬁ |py] ke, ' (8.116)

where the directions z and y are normal to the direction of propagation,
q, and the other symbols are exactly as in (8.109).

The interesting feature of this formula is that it is independent of A.
It is essential that there should be some mechanism by which the
electrons are finally scattered, but in this limit the strength of the

Fig. 152, Belt of electrons interacting with phonon q.

scattering does not matter. This is the situation we have already en-
counteredin § 8.7. Indeed, one can use (8.116) as the starting point fora
complete derivation of the formula (8.109) for the anomalous skin
effect, including the value of the fudge factor f. It is a matter, essen-
tially, of expressing the relation (8.102), derived from Maxwell’s
equations, in Fourier components, and also putting in boundary condi-
tions that allow for the behaviour of the electrons at the metal surface.

It would be very agreeable if we could use (8.116) by itself in a
theory of ultrasonic attenuation. The experiment of measuring the
attenuation of waves propagating in various directions through a
single crystal is obviously much easier, technically, than cutting
crystal surfaces in various orientations, and keeping them clean and
perfect whilst measuring the surface impedance.

Unfortunately, this will not give direct information about the shape
of the Fermi surface. The attenuation does, indeed, tend to a value
independent of the mean free path of the electrons—(8.113) is no
longer valid—but the actual magnitude depends upon the details of
the coupling of the electrons to the lattice wave. In other words, the
electric field seen by an electron as a result of lattice displacements or
lattice strains cannot be calculated directly, and varies over the Fermi
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surface. One may think of having to insert, in the integrand of (8, 116)
a deformation potential of the sort discussed in § 6.14— byt much more
complicated, much less easily expressed by a few barameters, on 3
multiply connected Fermi surface, say, than in a simple free-electron
metal.

Ultrasonic attentuation by free carriers can also oceur in a semi-
conductor. An ionic materia] without a centre of Symmetry —e.g. g
IIT-V or IT-VI compound (§4.2)—is usually piezo-electric. A local
strain W;(r) gives rise to a local electric field

L) = 3. s, (r) (8.117)

in addition to the deformation potential (6.95). This travelling wave
of electric field carried by a macroscopic sound wave affects the
carriers, and is the dominant mechanism of interaction until one
reaches relatively high microwave frequencies. The details of the
Phenomenon would then depend upon the components of the piezo-
electric tensor Bijx. projected on the polarization vector of the sound
wave.

In a medium of relatively low conductivity, the acousto-electric Jield
produced by the beam of ultrasonic phonons transferring momentum
to the carriers may be directly observed. This ig obviously the inverse
of the phonon drag effect (§ 7.11). A closely related phenomenon s
acousto-electric amplification of sound by the application of 4 D.C.
electric field along the ultrasonic beam. Thig may be regarded as a
form of maser action: energy from the electric field unbalances the
carrier distribution, which is then stimulated into the coherent
emission of phonons, We may note the analogy with Cerenkoyv radia-
tion: the electric field gives the carrier a drift velocity (7.31) that
exceeds the velocity of sound, hence permitting the direct creation of
phonons with conservation of energy and momentum.

We have based the above derivation upon a quasi-clagsical treat-
ment of the Boltzmann equation. But the same results may be
obtained, some people might say more rigorously, from quantum
theory. For example, consider the energy condition (2.101) for the
absorption of a phonon of frequency w in the transition from state k
to state k + q. This gives us

fiw = Sk +q) — & (k)
- 2&(K)
Uk
= fiq-v,, (8.118)
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essentially the same as (8.115). In other words, the ‘surf-riding
resonance’ i no more than an elementary process of the electron-
phonon interaction, as discussed in §§ 2.8, 6.13.

Again (8.115) can be derived from quite a different source. Let us
write the denominator in the form

l—nz"r(w—q-v)=%{é’(k+q)m@“’(k)mﬁw~—iﬁa}, (8.119)

where « = — 1/7. We recognize the denominator of the sum occurring
in (5.16) and elsewhere in Chapter 5. With a little juggling, and use of
(8.118), we find that we may write

4mio(q, w)

w

when g and w are small. Here o; means the longitudinal conduc-
tivity—the component of ¢ in the direction of propagation of the
phonon.

In other words, we have rederived (8.7). The complex dielectric
constant of the electron gas, as calculated in §5.1, already contains
the conductivity as its imaginary part. In (5.1) we took — o to be an
arbitrary decay constant for the perturbing field-—but the identifica-
tion with 1/7 is obviously appropriate. There is an extraordinary
amount of physics packed up in (5.16).

e(q,w) = 1+ (8.120)



