COMPLEMENTS OF CHAPTER IV

Awy: THE PAULl MATRICES A, By technical study of 2 x 2 matrices;

Biv: DIAGONALIZATION simple, and important fer selving nuinerous
QF A 2 x 2 HERMITIAN MATRIX quantum mechanical problems.

Ciy: FICTITIOUS SPIN 1/2 ASSOCIATED Cy: establishes the close relation which exists
WIiTH A TWO-LEVEL SYSTEM berween §§B and C of chapter [V, suppiies a

simpte geometrical interpretation of the proper-
ties of two-level systems {easy, but not indispen-
sable for whar follows).

Dyy: SYSTEM OF TWO SPIN 1/2 PARTICLES Dy simple illusrration of the tensor product
and the postulates of guantum mechanics {can be
considered to be a set of worked exercises),

Eiv! SPIN 1/2 DENSITY MATRIX E: lustration, in the case of spin 1/2 particles,
of concepts introduced in complement E, ;.

Fiv: SPIN 1/2 PARTICLE Fv: study of a very important physical pheno-
IN A STATIC MAGNETIC FIELD menen with many applications: magnetic reso-
AND A ROTATING FIELD : nance; can be studied later.

MAGNETIC RESOMNANCE

Giv! A SIMPLE MODEL G example of a physical system whose

OF THE AMMONIA MOLECULE study can be reduced, in a first approximation,
to that of a two-level system; moderately dif-
ficult.

Hyy: COUFLING BETWEEN A STABLE STATE H,y: study of the influence of coupling between
AND AN UNSTABLE STATE two levels with different Lfetimes; easy, but

requires the concepts introduced in comple-
ment K.
Jiy: EXERCISES




THE PALL] MATRICES

Complement Ay

THE PAULI MATRICES

[y

. Definition ; sigenvalues and sigenvectors

[=]

. Simple properties

3. A convenient basis of the 2 x 2 matrix space

In §A-2 of chapter IV, we introduced the matrices which represent the three
components S,, S, and 5. of a spin S in the {]+ -] = >} basis (eigenvectors
of §,). In quantum mechanics, it is often cosvenient to introduce the dimen-
sionless operator ¢, proportional to 8 and given by:

s=2o (1)
The matrices which represent the three components of o in the { | + ),

basis are called the * Pauli matrices”.

-}

1. Definition ; eigenvalues and eigenvectors

Let us go back to equations (A-13), (A-16) and (A-i7) of chapter IV.
Using (1), we see that the defirition of the Pauli matrices is:

) ) el e

These are Hermitian matrices, all three of which have the same
characteristic equation:

T-.1=0 (3)
The eigenvalues of o, ¢, and o, are therefore:
L= t1 (4)

which is consistent with the fact that those of S,, S, and 5, are £ Ri2.

It is easy to obtain, from definition (2), the e1genvectors of 5., 0, and o,
They are the same, respectively, as those of S, S, and 5, already 1ntroduced
in § A-2 of chapter IV:

(5)
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COMPLEMENT A,v

with:
(a0 ==l 0 %]
2
(xy, = —=[] ) 2] ©)
V2

2. Simple properties

It is easy to see from definition {2) that the Pauli matrices verify the
relations:

Det (g,) = — | J=xy or z . {7

)
Fi

Tr (o;} =0 (8)
ol =0} =0l =71 (where[isthe?2 x 2 unit matrix) (9}
g0, = — 6,0, = {0, {10}

as well as the equations which can be deduced from (10) by cyclic permutation
of x, y and =
Equations (9) and {i0) are sometimes condensed into the form:

o‘jo'k=i;sjk,o'!+ 8yl (11)

where g, 1s antisymmetric with respect to the interchange of any two of its indices.
It is equal to:

0if the indices j, k, [ are not all different
Egr = 1ifj, k, lisan even permutation of x, y, z (12}
— 1if j, k, l'is an odd permutation of x, ¥, E

From (10}, we immedidtely conclude: )
[0, 0,] = 2ia, | (13)
(and the relations obtained by cyclic permutation). This yields:
[S.,S,] =inS,
[S,,S.] =S, ' (14)
[S.,S.] = ihS,
We shall see later (¢f chap. VI} that equations (14) are characteristic of an

angular momentum.
We also see from (10) that:

0.6, + 6,0, =0 {15)
{the o, matrices are said to anticommute with each other) and that, taking (9)

inte account:

6,0,0, =il (16)

XT¥
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THE PAULl MATRICES

Finally, let us mention an identity which is sometimes useful in guantum
mechanics. If A and B denote two vectors whose components are numbers (or
operators which commute with all operators acting in the two-dimensicnal spin
state space):

(6.A)(c.B)=A . B[+ ic. (A XxB) (17)
We see that, using formula (I1) and the fact that A and B commute with &, we can
Write :

(6.A)e . By=) 0,4,0, 8,

Ik

! ik

e o

Yt A,B,‘} + T AB;I (18)
. i

In the second term, we recognize the scalar product A . B. In addition, it 15 easy

to see from (12) that ) ey4,B, is the /th component of the vector product
Jikt

A x B. This proves {l7). Note that if A and B do not commute, they must
appear in the same order on both sides of the identity.

3. A convenient basis of the 2 x 2 matrix space

Consider an arbitrary 2 x 2 matrix;
M o= (m“ mu) (19)
Myy Maz
It can always be written as a linear combinaticn of the four matrices:
ILo,o, o0, (20)
since, using {2}, we can immediately verify that:

My, + My My, — Myy - Myat My,

M = “2 I+ 3 . 5 o, i—5—"0, (21}
Therefore, any 2 x 2 matrix can be put in the form:
M=a,+a.c0 (22)

where the coefficients a,, a,, a, and a, are complex numbers.

Comparing (21) and (22), we see that M is Hermitian if and only if
the coefficients @, and a are real. These coefficients can be expressed formally in
terms of the matrix M in the following manner:

4y =5 Tr (M) (23-a)
a= %Tr (Ma) : (23-b)

These formulas can easily be proven from (8), (9) and (10).
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COMPLEMENT B,y

Complement By
DIAGONALIZATION OF A 2 x 2 HERMITIAN MATRIX

1. Introduction

2. Changing the sigenvalue origin

3. Calculation of the sigenvalues and eigenvectors
a. Angles 8 and ¢
b. Eigenvatues of K

c. Eigenvalues of H
d. Normalized eigenveciors of H

1. Introduction

In quantum mechanics, one must often diagonalize 2 x 2 matrices. When
we need only the eigenvalues, it is very easy to solve the characteristic equation
since 1t is of second degree. In principle, the calculation of the normalized
eigenvectors is also extremely simple; however, if it is performed clumsily, it can
lead to expressions which are unnecessarily complicated and difficult to handle.

The goal of this complement is to present a simple method of calculation
which is applicable in all cases. After having changed the origin of the eigenvalues,
we introduce the angles 6 and ¢, defined in terms of the matrix elements, which
enable us to write the normalized eigenvectors in a simple easy-to-use f{orm.
The angles 0 and ¢ also have an interesting physical interpretation in the
study of two-level systems, as we shall see In complement C,y.

2. Changing the eigenvalue origin

Consider the Hermitian matrix :

Hll H12 -
(H) - (HZI H22> (1)

H,, and H,, are real. Moreover:
H,; = Hz*1 2)

The matrix (/) therefore represents, in an orthonormal basis, { | ¢, >, [ @, >},
a certain Hermitian operator H*.

" * We use the letter H because the Hermitian operator which we are trying to diagonalize is often
a Hamiltonian. Nevertheless, the calculations presented in this complement can obviously be applied to
any 2 x 2 Hermitian matrix. .
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2 x 2 HERMITIAN MATRIX “52%
=

Using the half-sum and half-difference of the diagonal elements A, and
H,,, we can write (&) in the following way:

E(Hll - sz) 0
(1) = 1
\ 0 “i(HIlJ‘" HZE)
1
‘»_}(HH“HM) Hy,
- | (3)
Hy E(HII—HZZ)
It follows that the operator A itself can be decomposed into:
1 z 1,
H:E(Hu‘i‘sz)H‘*‘f_}(Hn“sz)K (4)

where 1 is the identity operator and X is the Hermitian operator represented
in the { | @, >, | @, » } basis by the matrix:
2H,,

(K): Hy —Hy, (3)

-1

Hu_sz

It is clear from {4) hat H and K have the same eigenvectors. Let K
be these cigenvectors, and £, and x., the corresponding eigenvalues for A
and X :

H|Yy ) = E;lde) (6)

Klwi>=’ct\1ﬁ:> (7N
From {4), we immediately conclude that:

Ey =%(H;1+H22)+%(H11—H22)}ct (8)

Finally, the first matrix appearing on the right-hand side of (3) plays a
minor role: we could make it disappear by choosing for the eigenvalue origin
(Hll + le)/z*'

3. Calculation of the eigenvalues and eigenvectors

a. ANGLES 8 AND o

Let 6 and @ be the angles defined in terms of the matrix elements H;; by

tan@:—zﬂh’— withd €80 <=n (9)

Hy — Hjy
H,, = |H,,|¢® with 0 < ¢ < 2= (10)

* Furthermore, this new origin is the same, whatever the basis { | o, >, | @, > } initially chosen,
since H,, + H,, = Tr{H} is invariant under a change of orthonormal bases.
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COMPLEMENT B,

¢ is the argument of the complex number A,,. According to (2), we have

!Hu! = !H_;; and:
Hyy = [Hle ™ (1)
If we use (9}, (10) and (11), the matrix (K) becomes:
1 tan fe
(K) - _ "
tan 8 &' -1
b.  EIGENVALUES OF ¥

The characteristic equation of the matrix (12)
Det [(K) —xl]=x?—1~tan?6 =0 (13)

directly yields the eigenvaiues x, and x_ of (K}:
l

Ko = oy (14-a)
o = (14-b)
T cos8

We see that they are indeed real {property of a Hermitian matrix, ¢f §D-2-a
of chapter I1). If we want to express l/cos f in terms of A, all we need to do
is use (9) and notice that cos 6 and tan f have the same sign since 0 € 6 < 7

L _~N(H, —HypP + 4HP (15
cos 8 H, —H,,

c. EIGENVALUES OF H

Using {8), {14) and (13), we immediately obtain:

1 1 2
E, =§(H11+H22}‘5‘§\/(H11‘“H22)2 +4iH121‘ (16-a)
1 1 3
E_ IE{H11+H22)"E\/(H11“H22)2+4}H12’~ (16“b)
COMMENTS:

(i)  As we have already said, the eigenvalues (16) can easily be obtained from
the characteristic equation of the matrix {#). If we need only the eigenvalues
of (#), it is therefore not necessary to introduce the angles § and ¢ as we
have done here. On the other hand, we shall see in the following section
that this method is very useful when we need to use the normalized
gigenvectors of A,

(i) It can be verified immediately from formulas (16) that:

E.+ FE.=H + H,y, =Tr (H) (17)
E\E.=H H,, — [Hiz’z = Det (H) (18)
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2 x 2 HERMITIAN MATRIX

(i) To have E. = E_, we must have (H, — H,,)* + 4|H,[* = 0; that s,
H, = Hyyand H,, = H,, = 3. A2 x 2 Hermitian matrix with a degenerate
11 << 12 21 : A ) =
spectrum 1s therefore necessarily proportional to the unit matrix.

d. NORMALIZED EIGENVECTORS OF H

Let o and b be the components of |. > on [ @, » and | @, >. According
to {7), (12} and (14-a), they must satisfy:

— i
( 1 | tan 8 e ) a) _ 1 (a) (19)
tan G e'? -1 b cos g B,

which vields:

1 1 —ie —
(1—0089)a~—tan96 b=90 (20}

that 1s:

0 g _,
— [ sinz e””) a+ (cos~ e“*””) b=0 21)
( 2 N 2

The normalized eigenvector | ¥, > can therefore be written:
g —ipf2 s g ipf2 | 22
(o) =cosz e o) +sing ¢ g, ) (22)
An analogous calculation would yield:
- 0 i ] ; B ior2 X
l'wb—>——5m§e ;901>“1‘C05§e lﬁDz> (23)
It can be verified that | ¢, > and | _ ) are orthogonal,

COMMENT:

While the trigonometric functions of the angle § can be expressed
rather simply in terms of the matrix elements H,; [see, for example,
formulas (9) and (15)], the same is not true of those of the angle 6/2.
Consequently, formulas (22) and (23) for the normalized eigenvectors
|, >and | _ > become complicated when cos 6/2 and sin /2 are replaced
by their expressions in terms of H,;, they are no longer very convenient.
It is better to use expressions (22) and (23) directly, keeping the functions
cos /2 and sin 6/2 during the entire calculation involving the normalized
eigenvectors of H. Furthermore, the final result of the calculation often
mvolves only functions of the angle 8 (see, for example, the calculation of
§C-3-b of chapter 1V) and, consequently, can be expressed simply in terms
of the H,. Expressions (22) and (23) thus enable us to carry out the
intermediate calculations elegantly, avoiding unnecessarily complicated expres-
sions. This is the advantage of the method presented in this complement.
Another advantage concerns the physical interpretation and will be discussed
in the next complement.
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Compiement C,y

FICTITICUS SPIN 1/2 ASSOCIATED WITH A TWO-LEVEL SYSTEM

1. Introduction

2. Interpretation of the Hamiltonian in terms of fictitious spin

3. Geometrical interpretation of the various effects discussed in § C of chapter IV
a. Ficritious magnetic flelds associared with Hy,, Wand H

v. Effect of coupling on the eigenvalues and eigenvectors of the Hamilionian
. Geomerrical interpreiation of % ,(1)

1. introduction

Consider a two-level system whose Hamiltonian A is represented, in an
orthonormal basis { | ¢, >, |9, > }, by the Hermitian matrix (H) [formula (1)
of complement By |* If we choose {H,, + H,,)/2 as the new energy origin, the
matrix (H) becomes:

(H) =]~ . (1)
H;, _E(Hu_sz)

Although the two-level system under consideration is not necessarily a
spin 1/2, we can always associate with it a spin 1/2 whose Hamiltonian H
is represented by the same matrix (H) in the {| + >, | — > } basis of eigenstates
of the S, component of this spin. We shall see that () can then be interpreted
as describing the interaction of this “fictitious spin” with a static magnetic
field B, whose direction and modulus are very simply related to the parameters
introduced n the preceding complement in the discussion of the diagonalization
of (H). Thus it is possible to give a simple physical meaning to these parameters.

Moreover, if the Hamiltonian # is the sum H = H, + W of two operators,
we shall see that we can associate with H, H, and W three magnetic fields, B,
B, and b, such that B = B, + b. Introducing the coupling W is equivalent,
in terms of fictitious spin, to adding the field b to B,. We shall show that
this point of view enables us to interpret very simply the different effects
studied in §C of chapter IV,

2. Interpretation of the Hamiltonian
in terms of fictitious spin

We saw in chapter IV that the Hamiltonian H of the coupling between
a spin 1/2 and a magnetic field B, of components B, B, B, can be written :

H=-9yB.S=—yBS, +B,S, + B.S,) (2)
* We are using the same notation as in complement By and chapter IV.
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FICTITIOUS SPIN 1/2 ASSCCIATED WITH A TWQ-LEVEL SYSTEM

To calcuiate the matrix associated with this operator, we substitute into this relation
the matrices associated with S, §,, S, [chap. IV, relations (A-15), (A-16), (A-17)].
This immediately yields :

~ vhi B. B — iB)
H = _ i = x ¥ o]
H) 2 (Bt + iB — B, G)

¥

Therefore, to make martrix (1} identical to (H), we must simply choose a
“fictitious field” B defined by

i 2
BI = _';}_ﬁ RE le
2
< By :ﬁ Im sz (4)
1
B: mﬁ (sz_Hu)

Note that the modulus B, of the projection B, of B onto the xOy piane is then
equal to:

HlZ

E
B, = I y (5}

=t o

According to formulas (9) and (10} of complement By, the angles § and o

~

associated with the matrix (H) = (H) written in (3} are given by:

[ lvB, |

ta 9=_i.:l-_a_ 08

n —y <m B
— 9B, +iB) = |yB|e® 0< o <2z

The gyromagnetic ratio y 1s a simple calculation tool and can have an arbiirary
value. If we agree to choose y negative, relations {6} show that the angles # and ¢
associated with the matrix () are simply the polar angles of the direction of
the field B (if we had chosen y positive, they would be those of the opposite
direction }.

Finally, we see that we can forget the iwo-level system with which we
started and consider the matrix (H) as represeating, in the basis of the eigenstates

| + > and | — > of 5, the Hamiltonian H of a spin 1/2 placed in a field B whose
components are given by (4). A can also be written:

H = ws, {7-a)

where S, is the operator S.u which describes the spin component along the
direction u, whose polar angles are ¢ and ¢, and o is the Larmor angular
velocity :

W = Ey| jBI {7-b}
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COMPLEMENT Cpy

The following table summarizes the various correspondences between the two-level
svstem and the associated fictitious spin 1/2.

Two-level system Fictitious spin 12

01D I
loy | >
. > | + .
v | =

E, — E_ Ao

Angles 8 and ¢ introduced Polar angles

in By — of the fictiticus field B

H,—-H,, — yhB,
LH“{ — v B, /2

3. Geometrical interpretation of the various effects

discussed in § C of chapter IV
a. FICTITIOUS MAGNETIC FIELDS ASSOCIATED WITH H, W AND H

Assume, as in §C of chapter IV, that A appears as the sum of two

terms:
In the {| @, > |@,)> } basis, the unperturbed Hamiltonian H, is represented
by a diagonal matrix which, with a suitable choice of the energy origin, is
written
E. —
1 . E, 0
(Ho) = (9)
0 _ El — EZ
2

As far as the coupling W is concerned, we assume, as in §C of chapter 1V,
that it is purely non-diagonal:

0 W,
”mz(%l 0) o)

The discussion of the preceding section then enables us to associate
with {H,) and (W) two flelds B, and b such that [¢f. formulas {4) and {5)]:

B, 32_%
(11)
By, =0
Jbz =0
b _2} Wuf (12)
i



FICTITIOUS SPIN 1/2 ASSOCIATED WITH A TWO-LEVEL SYSTEM

B, is therefore parallel to Oz and proporuonal to (£, — £,)/2; b is perpendicular
to Oz and properticnal to |#,,|. Since {H) = (H,) + (W), the field B associated
with the total Hamiltonian is the vector sum of B, and b:

B=B,+h (13)
The three flelds By, b and B are shown in figure 1; the angle # introduced
in §C-2-a of chapter IV is the angle between B, and B, since B, is parallel
o Oz.

FIGURE 1

Relative disposition of the fictitious fields. B, is associated with &,
0 b with }#, and B = B, -+ b with the total Hamiltonian & = H, + W,

The strong coupling condition introduced in §C-2  of chapter IV
(W] » |E, — E,|) is equivalent to |b| » [By| (fig. 2-a). The weak coupling
condition (|W,,} < |E, — FE,|}is equivalent to bl < |By| (fig. 2-b).

Z
BU b ‘/u
M
B
0
a b
FIGURE 2

Relative disposition of the fictitious fields B,, b and B in the case of strong coupling (fig. a) and
weak coupling (fig. b).
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b, EFFECT OF COUPLING ON THE EIGENVALUES
AND EIGENVECTORS OF THE HAMILTONIAN

E, — E, and £, — E_ correspond respectivelv to the Larmor angular
velocities ©, = ly| B,| and @ = |yl |B| in the fields B, and B. We see in figure |
that B,, b and B form a right triangle whose hypotenuse 1s B we therefore
always have |B| = |B,|, which again shows that £_ - £_ is always greater than
|E1 - Ez]l-

For a weak coupling (fig. 2-b), the difference between Bl and {B| is very
small in relative value, being of second order in (b|/|B,|. From this we deduce
immediately that E_ — E_ and E, — F, differ in relative value by terms of
second order in |[W,|/{(£, — E,). On the other hand, for a strong coupling
(fg. 2-a), /B is much larger than |B,| and practically equal to bj; E. — £_ is
then much larger than |E, — E,| and practically proportional to |#,|. We thus
find again all the resuits of §C-2 of chapter IV,

As far as the effect of the coupling on the eigenvectors is concerned,
it can also be understood very simply from figures | and 2. The eigenvectors of H
and H, are associated respectively with the eigenvectors of the components of 8
on the Ou and Oz axes. These two axes are practically parallel in the case of
weak coupling (fig. 2-b} and perpendicular in the case of strong coupling
{fig. 2-a). The eigenvectors of S, and §,, and, consequently, those of A and H,,:
are very close in the first case and very different in the second one.

c. GEOMETRICAL INTERPRETATION OF &, /r}

In terms of fictitious spin, the problem considered in §C-3 of chapter IV
can be put in the following way: at time ¢ = 0, the fictitious spin associated
with the two-levs} sysiem is in the eigenstate | + > of S;; b is added to B,; what

FIGURE 3

Geometrical interpretation of Rabi’s formala in terms of fic-
titious spin. Under the effect of the coupling (represented
by b), the spin, initially oriented along (z, precesses about B;
consequently, the probability of finding — 7/2 in a measure-
ment of its S, component on Cz is an escillating function of
time.
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FICTITIOUS SPIN 1/2 ASSCCIATED WITH A TWQ-LEVEL SYSTEM

is the probability 2. _(r) of finding the spin in the state | — > at time ¢? With

|
the correspondences summarized in the table, 2,,(r) must be identical to #_ (1),

The calculation of 2, _{s} is then very simple since the ume evolution
of the spin reduces to a Larmor precession about B (fie. 3). During this
precession, the angle § between the spin and the direction Ou of B remains
constant. At tume /, the spin points in the direction On, making an angle « with
Oz; the angle formed by the (Oz, Ou) and (Ou, On) planes is equal to wr. A
classical formula of spherical trigonometry enables us to write:

cos z = cos® 8 + sin? 6 cos wr (14)

Now, when the spin points in a direction which makes an angle of « with Oz,
the probability of finding it in the state | — > of S, is equal (¢f §B-2-b of
chapter IV) to sin” ¢/2 = (1 — cos«)/2. From this we deduce, using (14), that:

P, _(1) = Sjnl;; :«é«sinzﬁ{l — cos wt) (15)

This result is identical, when we replace w by (E, — E_})/A, to formula (C-31) of
chapter IV {Rabi’s formula). We have thus given this formula a purely geometrical
interpretation.

References and suggestions for further reading:

Abragam (14.1), chap. 11, §F; Sargent et al. {13.5), §7-5; Allen {13.7), chap. 2;
see also the article by Feynman et al. {1.33).
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Complement Dy

SYSTEM OF TWO SPIN 1/2 PARTICLES

1. Quantum mechanical description
a. Siaie space
b. Cemplere seis of commuring observables
¢. The most general state

2. Prediction of measurement results

a. Measurements bearing simultanecusly on the twe spms
b. Measurements bearing on one spin alone

In this complement, we intend to use the formalism introduced n §A-2 of
chapter IV to describe a system of two spin 1/2 particles. This case is hardly
more complicated than that of a single spin 1/2 particle. Its interest, as far as the
postulates are concerned, lies in the fact that none of the various spin observables
alone constitutes a C.S.C.O. {while this is the case for one spin alone). Thus,
we shall be able to consider measurements bearing either on one observable
with a degenerate spectrum or simuitaneously on two observables. In addition,
this study provides a very simple illustration of the concept of a tensor product,
introduced in §F of chapter 1. We shall be concerned, as in chapter 1V, only
with the internal degrees of freedom (spin states), and we shall moreover assume
that the two particles which constitute the system are not identical (systems of
identical particles will be studied in a general way in chapter XIV).

1. Quantum mechanical description

We saw in chapter TV how to describe quantum mechanically the spin state
of a spin 1/2 particle. Thus, all we need to do is apply the results of §F of
chapter II in order to know how to describe systems of two spin 1/2 particles.

a. STATE SPACE

We shall use the indices | and 2 to distinguish between the two particles.
When particle (1) is alone, its spin state is defined by a ket which belongs to a
two-dimensional state space & {1). Similarly, the spin states of particle {2) alone
form a two-dimensional space &¢(2). We shall designate by S, and S, the spin
observables of particles (1} and {2) respectively. In &5(1) [or £4(2)], we choose
as a basis the eigenkets of S,, {or S,.), which we shall dencte by |[1: + > and
|1:=>(or|2: + >and|2: — ) The most general ket of &(1) can be written :

I(P(I)>=ailli+>+ﬁ1“:_> ‘ (1)
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and that of &5(2):
X2y =y |20+ > 8,12 = (2)
{eey, By, oy, B, are arbitrary complex numbers).

When we join the two particles to make a single system, the state space £ of
such a system is the tensor product of the two preceding spaces:

£y = 851} ® £5(2) (3)
In the first place, this means that a basis of &5 can be obtained by multiplying

tensorially the two bases defined above for &5{1} and &(2). We shall use
the following notation :

L+ == 1:+>|2:+>

[—l——>:|1 =320

| =+ =]1:=>02:+>

|- =y =]l:=>[2:=) (4)
In the state | + — >, for example, the component along Oz of the spin of
particle (1) is + %/2, with absolute certainty; that of the spin of particle (2) is
— k/2, with absolute certainty. We shall agree here to denote by { + — | the

conjugate bra of the ket | + — »; the order of the symbols is therefore the
same in the ket and in the bra: the first symbol is always associated with particle (1)
and the second, with particie (2).

The space &5 is therefore four-dimensional. Sincethe { |1 : £ > }and {|2: £ >}
bases are orthonormal in £¢(1) and &4(2) respectively, the basis (4) is orthonormal
m &y

< €182 \ 8’18:2 > = 58;£i 5azai (5}
(215 &4, &1, €3 are to be repiaced by + or — depending on the case; d,,. is equal to 1

if ¢ and & are identical and 0 if they are different). The system of vectors (4)
also satisfies a closure relation in &:

YleeadCeg| = [+ +0¢(++| + |+-0¢+ -] «
(== + 1= === = 1
(6)

b. COMPLETE SETS OF COMMUTING OBSERVABLES

We extend into &5 the observables S, and S, which were originally defined
in £4(1) and &4(2) (as in chapter II, we shall continue to denote these extensions
by 8, and S,}. Their action on the kets of the basis (4) is simple: the components
of 8,, for example, act only on the part of the ket related to particle (1)
In particular, the vectors of the basis {4) are simultaneous eigenvectors of §,, and
S,

h
Slz‘ €18, > :‘581 ] £164 >
{7)

h
52218182> misz!aﬁz)
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For the other components of S, and S,, we apply the formulas given 1 JA-2 of
chapter IV. For example, we know from relation (A-16) of chapter [V how
S,.actson the kets | 1: £ >

: B
S li+2 =51 -
. )
Seili=>=35[1:+>
From this we deduce the action of S|, on the kets (4):
h
S1c|“‘="+>“-:§§—+>
7
Sl =y =31
(%)
Sis —~T>$E§+“->
h
Slxg m>:§i+_>

It is then easy to verify that, although the three components of §,
(or of §,) do not commute with each other, any component of 8, commutes
with any component of S,.

In &4(1), the observable S, alone constituted a C.5.C.O., and the same
was true of S,, in &(2). In &, the eigenvalues of §,, and §,, remain & #/2, but
each of themis two-fold degenerate. To the eigenvalue + f/2 of §,,, for example,
correspond two orthogonal vectors, | + + » and | + — > [formulas (7)] and all
their linear combinations. Therefore, in &, neither S,, nor S,, (taken separately)
constitutes a C.S.C.O. On the other hand, the set { S, S, } is a C.S5.C.O.
i &, as can be seen from formulas (7). '

This is obviously not the only C.S.C.O. that can be comstructed. For
example, another one is { Sy, 5, }. These two observables commute, as we noted
above, and each of them constitutes a C.S.C.O. in the space in which it was initially
defined. The eigenvectors which are common to S, and S, are obtained by
taking the temsor product of their respective eigenvectors in &s{1) and #4(2).
Using relation (A-20) of chapter IV, we find: ’

1
V2
|1:+>12:—>x:~r-lw[|++>—|+—>]

—_
+
~

S
+
~
"
I

[T+ +>+ |+ =]

(10}

L

V2
1

V2

o=y |2 40, =—=[|-+>+[- )]

e 20y =L = |- =]
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2. THE MOST GENERAL STATE

The vectors {4) were obtained by multiplying tensorially a ket of &5(1)
and a ket of &5(2). More generally, using an arbitrary ket of &g(1) [such as (1]
and an arbitrary ket of &4(2) [such as (2)], we can construct a ket of &

23>
:§*+>+“1ﬁzi“‘“‘>+a2.8;!_+>+ﬁ152|_‘> (11)
The components of such a ket in the basis (4) are the products of the components
of {@(l)) and | %(2)) in the bases of #s{1) and &4(2) which were used to
construct (4).

But afll the kets of &5 are not tensor products. The most general ket of &5 is
an arbitrary linear combination of the basis vectors

Wy =ald +d) + B+ -> gy 5] - - (12)

Lofl) >

1

If we want to normalize | ), we must choose:
al? + 1B+ P+ P =1 (13)

Given |y ), it is not in general possible to find two kets | (1)) and | 2(2) >
of which it is the tensor product. For (12) to be of the form (11), we must have,
in particular:

7

g9

and this condition is not necessarily fulfilled.

(14)

2. Prediction of the measurement resuits

We are now going to envisage a certain number of measurements which
can be performed on a system of two spin 1/2 particles and we shall calculate
the predictions furnished by the postulates for each of them. We shall assume
cach time that the state of the system immediately before the measurement is
described by the normalized ket (12).

a. MEASUREMENTS BEARING SIMULTANEOUSLY ON THE TWOQ SPINS

Since any component of 8§, commutes with any component of §,, we can
envisage measuring them simultaneously (chap. ITI, §C-6-a). To calculate the
predictions related to such measurements, all we need to do is use the eigenvectors
common to the two observables.

a.  First example

First of all, let us assume that we are simultaneously measuring §,, and
Sy, What are the probabilities of the various results that can be obtained ?

433




COMPLEMENT D,y

Since the set { 5., S,. } is a C.S.C.O,, there exists only one state associated
with each measurement result. If the system is in the state {12} before the measure-
ment, we can thersfore find :

- % for §,, and + —g for S,,, with the probability | + + ¥ > =
e ’ sl =i
-3 v+ s
-3 -3 7 i = =¥ =lor (19)

B.  Second example

We now measure S,, and S,.. What is the probability of obtaining + #/2
for each of the two observables?

Here again, { S,,, S,. ; constitutes a C.S.C.O. The eigenvector common
to S, and S,, which corresponds to the eigenvalues + #/2 and + R/2 is the
tensor product of the vector | 1: + >, and the vector }2: +

}1:+>},|2:+>=-L_[1++>+i§~+>j (16)

V2

Applying the fourth postulate of chapter III, we find that the probability we are
looking for is:

9=1%|:<++—i<—+@w>é

: (17)

2

o — 1y

1
The result therefore appears in the form of a “square of a sum™*,
After the measurement, if we have actually found + #/2 for S, and + %/2

for S,,, the system is in the state (16).

b. MEASUREMENTS BEARING ON ONE SPIN ALONE

It is obviously possible to measure only one component of one of the two
spins. In this case, since none of these components constitutes by itself a C.S5.C.O,,
there exist several eigenvectors corresponding to the same measurement result,
and the corresponding probability will be a “sum of squares™.

* It mmust be remembered that the sign of / changes when we go from (16) to the conjugate bra. If
this were to be forgotten, the result obtained would be incorrect {fa + iy|* # |+ — iy|? since a/y is ot in
general real).
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o First example

We measure only S,,. What results can be found, and with what probabilities ?

The possible results are the eigenvalues = /2 of §,_. Each of them is doubly
degenerate. In the associated cigensubspace, we choose an orthonormal basis -
we can, for example, take [ | + + 5.+ ~ 5 Jfor + B2and { | — + 0, - ~ >}
for — A/2. We then obtain:

7 f"-! . . .
Pl zi= 1+ + i s =R
(\ 2) S v
=’ + B (18)
18
28] = K= o= - - op
=it + o

COMMENT :

Since we are not performing any measurement on the spin (2), the
choice of the basis in §4(2) is arbitrary. We can, for example, choose as a basis
of the eigensubspace of S,, associated with the eigenvalue + #/2 the vectors:

1:+>|2:t>x:—1_[!++>i}+m>] (19)
V2
which again gives us :

AN L1 )
ga(+5> =—[a+B|‘ +§|a _
= |of* + (20)

The general proof of the fact that the probability obtained 1s inde-
pendent (in the case of a degenerate eigenvalue) of the choice of the basis
in the corresponding eigensubspace was given in § B-3-b-a of chapter III.

B, Second example

Now it is §,, that we want to measure. What is the probability of
chtaining — h/27?

The eigensubspace associated with the eigenvalue — %/2 of §,_ is two-
dimensional. We can choose for a basis in it:

FEESIE ~>x=%u++>%+->1

. {21)
RE w>12r->xﬂzﬂ—+>—l—m>]
We then find:
@—‘7[<++r—<+~1] Wy +’——ﬁ[<—+i—<——b]lw>

=Sl — B b - o (22)
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In this result, each of the terms of the “sum of squares” is itself the “square of
asum’”.

if the measurement actually yields — 7/2, the state |y’ of the system
immediately after this measurement is the (normalized) projection of |¢ ) onto
the corresponding esigensubspace. We have just calculated the compomnents of RV

on the basis vectors (21) of this subspace : they are equal, respectively, toif_ (@ — B)

V2
and 1,_ (v — 8). Conseguently:
V2
1 1 s
D = ‘ sle=Bl++>-[+-2)
f‘lv‘ 12 i |2 -
\/55’06“51'*5!?—5'
. T ioa
R IS S T Ree)

COMMENT |

We have considered, in this complement, only the components of §;
and S, on the coordinate axes. It is obviously possible to measure their
compenents 8, . uand S, . v on arbitrary unit vectors u and v. The reasoning
i the same as above.
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Complement Ey

SPIN 1/2 DENSITY MATRIX

1. Introduction

[

. Density martrix of a perfectly polarized spin {pure case)

. Example of a statistical mixture : unpolarized spin

L oW

. Spin 12 in thermodynamic squilibrium in a static feld

(2]}

. Expansion of the density matrix in terms of the Paull marrices

1. Introduction

The aim of this complement is to illustrate ‘the general considerations
developed in complement E,;, using a very simpie physical system, that of
a spin 1/2. We are going to study the density matrices which describe a spin 1/2
i a certain number of cases: perfectly polarized spin (pure case), unpelarized
or partially polarized spin {statistical mixture}. We shall thus be able to verify and
interpret the general properties stated in complement E,;. In addition, we shall
see that the expansion of the density matrix in terms of the Pauli matrices can be
expressed very simply as a function of the mean values of the various spin
components.

2. Density matrix of a perfectly polarized spin (pure case)

Consider a spin 1/2, coming out of an *atomic polarizer” of the type described
in § B of chapter IV, which is in the eigenstate | + >, (eigenvalue + #/2) of the $ . u
component of the spin (recall that the polar angles of the unit vector u are & and ).
The spin state is then perfectly well-known and is written {¢f. formula (A-22-a)
of chapter [V] :

l¢’>=cosge“"°”| +5 +sin—geffpf?\—> (1)

We saw in complement E,; that, by definition, such a situation corresponds to
a pure case. We shall say that the beam which leaves the “polarizer” is perfectly
polarized. Recall also that, for each spin, the mean vaiue (S) is equal

to wg«u [chap. IV, relations {B-14)].

It is simple to write, in the { |+ >, | — > } basis, the density matrix p(6, @)
corresponding to the state (1). We write the matrix of the projector onto this state :

cos? 9 Sin = cos L
2 27727
p(8, 9) = 2)
88, .0
Sin— COS = € sin? =

2 2 2

437




ey
R,
%-W% COMPLEMENT E.v

R

This matrix is generally non-diagonal. The “populations” p.. and p. . have
a very simple physical significance. Their difference is equal to cos @ = 2{5, >/h
[¢f equations {B-14) of chapter IV ], and their sum is, of course, equal to 1. The
populations are therefore related to the longitudinal polarization ( S, 5. Similarly, the

modulus of the “coherences” p, _andp_ . is|p. .| = {p__] =%sm g =%| (S, 3]

(where {8, > is the projection of (S ) onto the xOy plane). The argument of p_.
is @, that is, the angle between (S_) and Ox : the coherences are therefore related
to the transverse polarization { S, ).

It can also be verified that:

[0(0, ©)1* = p{B, @)

o
(%]
e

a relation characteristic of a pure state.

3. Example of a statistical mixture: unpolarized spin

Now let us consider the spin of a silver atom leaving a furnace, such as the
one in figure | of chapter IV, and which has not passed through an “atomic
polarizer” (the spin has not been prepared in a particular state). The only
information we then possess about this spin is the following : it can point in any
direction of space, and all directions are egually probable. With the notation of
complement Ej;, such a situation corresponds to a statistical mixture of the
states | + », with equal weights. Formula (28) of compiement Ejy defines the
density matrix p which corresponds to this case. Nevertheless, the discrete
sum Y must here be replaced by an integral over all the possible directions:

k

~ 2w

1 1 i
p-zgjmzma@>_Z;L)desmedema@> (4)

(the factor /4w insures the normalization of the probabilities associated with the
various directions). The integrals which give the matrix elements of p are simple to
calculate and lead to the following result:

/120
p”(o UJ ®)

It is easy to deduce from (5) that p? = p/2, which shows that, in the case of a
statistical mixture of states, p? is different from p.
In addition, if we calculate from (5) the mean values of 5., §,, 5,, we obtain :

(5> =Tr[pS]=5Te§ =0  i=xy:z (6

We again find the fact that the spin is unpolarized : since all the directions are -
equivalent, the mean value of the spin is zero.
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COMMENTS!

(i) It is clear from this example how the non-diagonal elements (coherences)
of p can disappear from the summation over the various states of the
statistical mixture. As we saw in § 2, the coherences p . _ and p_ .. are related
to the transverse polarization ¢S, ) of the spin. Upon summing the
vectors {8, ) corresponding to all (equiprobable) directions of the xOy plane,
we obviously find a null result.

(ii) The case of unpofarized spin is also very insiructive, since it helps us to
understand the impossibility of describing a statistical mixture by an “average
state vector ", Assume that we are trying to choose « and 3 so that the vector:

Wy =al+y+ Bl ™

with

laf + 187 =1 ®)
represents an unpolarized spin, for which {S.», <8, and (S, ) are zero.
A simple caiculation gives:

(S, = 2arp + up?)

(B — ap¥) (9)

2
h

(8,5 =5l — FB)

If we want to make ¢ S_) zero, we must choose « and f so as to make ¢*f a
pure imaginary; similarly, «*§ must be real for {3, to be zero. We must
therefore have «*f = 0, that is:

gither « = 0, which implies |[§] = 1 and {S,)> = — #i/2
or p = 0, which implies |¢| = 1 and (5. = 7/2

Therefore, (S,), (S,> and {S,) cannot all be zero at the same time,
consequently, the state (7) cannot represent an unpolarized spin.
Furthermore, the discussion of §B-l-c of chapter IV shows that for
any « and B which satisfy {8), one can always associate with them two
angles § and ¢ which fix a direction u such that |\ > is an eigenvector of S . u
with the eigenvalue + %/2. Thus we see directly that a state such as (7) always
describes a spin which is perfectly polarized in a certain direction of space.

(ii) The density matrix (5) represents a statistical mixture of the various
states | + »,, all the directions u being equiprobable {this is how we obtained
it). We could, however, imagine other statistical mixtures which would
lead to the same density matrix : for example, a statistical mixture of equal
proportions of the states | + > and | — >, or a statistical mixture of equal
proportions of three states { + 3, such that the tips of the three corresponding
vectors u are the vertices of an equilateral triangle centered at O. Thus we se¢
that the same density matrix can be obtained in several different ways. In
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fact, since ail the physical predictions depend only on the density matrix,
it is impossibie to distinguish physically between the various types of staus-
tical mixtures which lead to the same density martrix, They must be considered
to be different expressions for the same incomplete information which we
possess about the system.

4, Spin 1/2 in thermodynamic equilibrium
in a static fieid

Consider a spin 1/2 placed in a static field B, parallel to Oz. We saw in § B-3-a
of chapter IV that the stationary states of this spin are the states | + » and | — ),
of energies + fAwy/2 and — hwy/2 (with wy = ~ yB,, where y is the gyromagnetic
ratic of the spin). If we know only that the system is in thermodynamic equilibrium
at the temperature T, we can assert that it has a probability Z~ ! e "#@0/2T of heing
in the state |+ » and Z !e* /3T of being in the state | — ), where
Z = g Mol o gt Awoi2T i3 3 normalization factor (Z is called the “partition
function”). We have here another exampie of a statistical mixture, described by
the density matrix:

- Reng 25T
e 0
p=2z ( 0o ew—ﬁdek?‘) (10)

Once more, it is easy to verify that p® # p. The non-diagonal elements are zero
since all directions perpendicular to By {that i3, to Oz) and fixed by the angle ¢ are
equivalent.

From (10), it is easy to calculate:

(S.>=Tr(pS,) =0
(S,> =Tr(pS) =0 (11)

[ fiwg
5,0 -3 tanh (ﬁ)

We see that the spin acquires a polarization parallel to the field in which it is placed.
The larger w, (that is, B;) and the lower the temperature 7, the greater the
polarization. Since |tanh x| < 1, this polarization is less than the value /2 which
corresponds to a spin which is perfectly polarized along Oz. (10} can therefore be
said to describe a spin which is “partially polarized” along Oz.

Tr (pS.)

I
i

COMMENT !

The magnetization { M, > is equal to y{ S, >. It is possible to calculate
from {11) the paramagnetic susceptibility ¥ of the spin, defined by:

(M, =v{5.) =18 (12)
We find (Brillouin’s formula):

y = A8y

X =7p, @ne (2kT (13)
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5. Expansion of the density matrix
in terms of the Pauli matrices

We saw in complement Ay, that the unit matrix /7 and the Pauli matrices T,
s, and ¢, form a convenient basis for expanding a 2 % 2 matrix. We therefore set,
for the density matrix o of a spin 1/2:

pg=ua,l +a.0 {14)

where the coefficients g, are given by [¢f. complement Ap,, relations (23)]:

ao-:%Trp
1 l
Q.f:*an(pr)_ﬁTf(pr)
. 1 (15)
a, =3 Tr (pa,) = P Tr (pS,)
= 2 Telpo) = Tr (oS.)
a, = 3 Te{pa,) = 3 Tr (oS,
Thus we have:
1
a0=§
2 =3(S) (16)
h
and p can be written :
1 | .
) 5 17
p=z1+5(S>.0 (17)

Therefore, the density matrix p of a spin 1/2 can be expressed very simply in
terms of the mean value (S of the spin.

COMMENT!:

Let us square expression (!7). We obtain, using identity {17} of
complement Ay :

l l |
==+ ={SYI+-{(S>.c 18
=y ﬁz< 2 SCSO (18)

The condition p* = p, characteristic of the pure case, is therefore equivalent,
for a spin 1/2, to the condition:

(sy =t (19)
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This condition is obvicusly not satisfled for an unpolanized spmn {{S ) 1s then zero)
or for a spin in thermodynamic equilibrium (we saw i §4 that in this
case {{ 8>l < #/2). On the other hand, it can be verified, using formulas {B-14}
of chapter IV, that, for a spin in the state |¢ ) given in (1), (S »? is indesd equal
to R4,

References and suggestions for further reading:

Abragam (14.1), chap. II, § C.
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SPIN 1/2 PARTICLE IN A STATIC MAGNETIC FIELD
AND A ROTATING FIELD: MAGNETIC RESONANCE

1. Classical treatment ; rotating reference frame

a, Motion in a siatic field; Larmor precession
b. [nfluence of a rotating field ; resonance

[

. (Quantum mechanical treatment
a. The Schrédinger equation
. Changing 10 the rotating frame
. Transition probability ; Rabi's formula
d. Case where the two sublevels are unstable

o

3. Relation between the classical treatment and the quantum mechanical weatment: ¢volution of { M)

4, Bloch's equations

a. A concrese example
b. Sokuion in the case of a rotating field

In chapter IV, we used gquantum mechanics to study the evolution of a spin 1,2
in a static magnetic field. In this complement, we shall consider the case of a
spin 1/2 simultaneously subjected to several magnetic fields, some of which can
be time dependent, as is the case in magnetic resonance experiments. Before
attacking this problem quantum mechanically, we shall briefly review several
results obtained using classical mechanics.

1. Classical treatment : rotating reference frame

a. MOTION IN A STATIC FIELD ; LARMOR PRECESSION

Consider a system of angular momentum j which possesses a magnetic
moment m = yj collinear with j (the constant y is the gyromagnetic ratio of the
system), placed in a static magnetic field By, which exerts a torque m x B on the
system. The classical equation of motion of j is:

dj

a:mXBD (1)
or.

& m() = ym(s) x B, )

Performing a scalar multiplication of both sides of this equation by either m(s}
or By, we obtain:

< fm(i))? =0 0
£ [m(g) . By) = 0 )
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m(:) therefore evolves with a constant modulus, maintaining a constant angle
with By . If we project equation (2) onto the plane perpendicular to By, we see that
m(z) rotates about By (Larmor precession) with an angular velocity of w, = — v B,
{the rotation is counterclockwise if v is positive).

b. INFLUENCE OF A ROTATING FIELD; RESONANCE

Now assume that we add to the static fleld B, a fleld B, (¢}, perpendicuiar
to Bg, and which 1s of constant modulus and rotates about B, with an angular
velocity w {cf. fig. 1). We set:

@o.= — 7% o
w; = — 78,

¥V mgure |

Oxyz is a fixed coordinate system.
The static magnetic field B, is
directed along the Oz axis. The
OXYZ system [the OX axis is
wt the direction of the field B,(r)]
rotates about Oz with the angaiar

X velocity .

We shall designate by Oxyz (unit vectors e, e,, ¢,) a fixed coordinate
system, whose Oz axis i3 the direction of the field B,, and by OXYZ (unit
VECtors ey, €y, &), the axes obtained from Oxyz by rotation through an angle s
about Oz [OX is the direction of the rotating field B,(:)]. The equation of
motion of m{r) in the presence of the total field B{t) = B, + B,{1) then becomes :

d
S mit) = y m(s) x [By + By()] (6
To solve this equation, it is convenient to place ourselves, not in the absolute

reference frame Oxyz, but in the rotating reference frame OXYZ, with respect
to which the relative velocity of the vector m{r) is:

dmy  dm
= e o T @ ez xm) (7)
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Tetr us set:

dow = o — w, {8)

Substituting {6) into {7), we obtain:

dm

(—drw)m!: m{t) x [dw e, — wey] (9)

This equation is much simpler to solve than equation (6}, since the coefficients of
the right-hand side are now tme-independent. Moreover, its form is analogous
to that of {2) : the relative motion of the vector m(¢) is therefore a rotation about
the *“effective field” B, (which is static with respect to the rotating reference frame),
given by {¢f. fig. 2):

1 .
Beﬁﬁ;[fjw e; — @ &) {10)
VA
AW Wy
v
Beﬂ' .
m
|
I -
e Y
i FIGURE 2
! W,
B, = — In the rotating reference frame OXTYZ, the effective

field B,,; has a fixed direction, about which the magnetic
moment m(z) rotates with a constant anguiar velocity
X (precession in the rotating reference frame).

To obtain the absolute motion of m(z), we must combine this precession about By
with a rotation about Oz of angular velocity w.

These first results already enable us to understand the essence of the magnetic
resonance phenomenon. Let us consider 2 magnetic moment which, at time
t = 0, is paraile! to the field B, (the case, {or example, of a magnetic moment
in thermodynamic equilibrium at very low temperatures : it i3 in the lowest energy
state possible in the presence of the field B,). What happens when we appiy a weak
rotating field B, ()7 If the rotation frequency /27 of this field is very different
from the natural frequency w,/2m (more precisely, f dw = @ — w, is much
larger than o, ), the effective field is directed practically along Oz. The precession
of m{¢) about By then has a very small amplitude and hardly modifies the direction
of the magnetic moment. On the other hand, if the resonance condition @ = @, is
satisfied (4w < @,), the angle between the field B and Oz is large. The precession
of the magnetic moment then has a large amplitude and, at resonance (dw = 0},
the magnetic moment can even be completely flipped.
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2. Quantum mechanical treatment

a. THE SCHRODINGER EQUATION

Let| + »and | — ) be two cigenvectors of the projection S, of the spin onto Oz,
with respective cigenvalues + #/2 and — #%/2. The state vector of the system can
be wrirten:

le()> =a ()| +> +a ()] - (11)
The Hamiltonian operator H(z) of the system is*:
H{t)= -—M .B(t)= —-78.[By, + B,{1)] {12)

that is, expanding the scalar product:
H(t) = 0,5, + o,[coswr §, + sinw: S,] {13)

Using formulas {A-16) and {A-17) of chapter IV, we obtain the matrix which
represents H in the { | + >, | — > } basis:

H=E( Do D1 € > (14)

Tat
2im, e - @,

Using {11) and {14), we can write the Schrddinger equation in the form:

.d D1 i W
Llagfa_(z) = Bea () - D (g (15)
b. CHANGING TO THE ROTATING FRAME

Equations (15) constitute a linear homogeneous system with time-dependent
coefficients. It is convenient to define new functions by setting :

bo(t)=e""a.()
b_(ty=e ™2 a_(1) (16)
Substituting (16} into (15), we obtain a system which has constant coefficients :
Lo = = 22,00 + Lb_(n)
de 2 2
d 4 (17)
.d oy 4w
zdrb‘(t) > b.(t) + 5 b_{t)

* In expression (12), M. B{s) symbolizes the scalar product M_B. (1} + M,B{r) + M_B.(1),
where M, M, and M, are operators (observables of the system under study), while B_{1), B{t)and B.{1)
are numbers {since we consider the magnetic field to be a ciassical quantity whose value is imposed by an
external device which is independent of the system under study).

446



MAGNETIC RESONANGCE %

This system can alsc be written

d - - -
| B> = B0 (18)
if we introduce the ket jzﬁ(f)) and the operator A defined by :
WY = b 0]+ b = (19)
-~ h{—. A
£ w, dw

Transformation {16) has led to equation (I8), which is analogous to a
Schrodinger equation in which the operator H, given in (20), plays the role of a

time-independent Hamiltonian. H describes the interaction of the spin with a fixed
field, whose components are none other than those of the effective field introduced
above in the OXYZ frame [formula {10}]. We can therefore consider that the
transformation {16) is the quantum mechanical equivalent of the change from the
fixed Oxyz frame to the rotating OX7Z frame.

This result can be proved rigorously. According ta (16), we can write:

> = RO 1)
where R(7) is the unitary cperator defined by

R{t) = ghos=/h (22)

We shall see later (¢/. complement By} that R{r) describes a rotation of the coordinate system
through an angle w: about Oz. (18} is therefore indeed the transformed Schrddinger equation
in the rotating CXYZ frame.

Equation (18} is very simple to solve. To determine |t,[7(r)>, given [1/7(0)>,

all we need to do is expand IJJ(O)) on the eigenvectors of H (which can be
calculated exactly} and then appiy rule (D-54) of chapter III (which is possible

since H is not explicitly time-dependent). We then go from |4 () to [¥(s)) by
using formulas (16).

c. TRANSITION PROBABILITY; RABI'S FORMULA

Consider a spin which, at time ¢ = 0, is in the state | + ):

lw(0)y =+ (23)
According to (16), this corresponds to:
|90 =]+ 24)

What is the probability 2, _(¢) of finding this spin in the state | — ) at time 7?
Since @ . (t) and &_(¢) have the same modulus, we can write:

2o {) = [C= [P = o) = o = [< = [90)>P (25)
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We must therefore calculate | — !y(r) 3|, where 19(6)> is the solution of {18)
which corresponds to the initial condition (24),

The problem we have just posed has already been solved, in § C-3-b of
chapter IV. To use the caiculations of that section, all we need to do 15 apply
the following correspondences:

o
o> = | =)
5
E, — — 31 dw
. 26)
E, — < Aw
2
Vi
Wl g e E Wy
Rabi’s formula [equation (C-32) o chapter IV] then becomes:
gf)+_(f) = _7-&)_?%_’ sin? \/C-’J'} + (/_’16!))2 E—:‘ (27)
w? + (dw)? 2
The probability 2. _{r} is, of course, zero at time r = 0 and then varies sinusoidally
with respect to time between the values 0 and . @ -. Again, we have a reso-
i + (dw)?

nance phenomenon. For [dwf » jw,), 2. _(¢) remains almost zero (c¢f. fig. 3-a);
near resonance, the oscillation amplitude of 2, _(f) becornes iarge and, when the

In + 1)

condition de = 0 is exactly satisfied, we have 2. _{t) = lattimest = ( " (cf.
fig. 3-b). 1
AP, (1) A2, (1)
1+ 1+
W= w, = 3w, w = w,
11
10
0 > 0 s I f
2rjw,
a b
FIGURE 3

Variation with respect to time of the transition probability between the states | + Soapd | — >, umder
the effect of a rotating magnetic field B, (r). Outside resonance (fig. 1), this probability remains small;
at resonance (fig. b), however small the field B,, there exist times when the transition probability is
equai to 1.
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Thus we again find the result which we have alrsady obtained classically :

at resonance, a very weak rotating field is able to reverse the direction of the spin.
Note, moreover, that the angular frequency of the oseillation of £, _(:]

is vVl + (dw)? = 4B, 4| This oscillation corresponds, in the rotating frame,
to the projection onto OZ of the precession of the magnetic moment about the
effective field, sometimes called “Rabi precession” [see also the calculation
of #. _(r)in complement C,y, §3-c].

d. CASE WHERE THE TWO LEVELS ARE UNSTABLE

We are now going to assume that the two states | + » correspond to two sublevels of an
excited atomic level (whose angular momentum is assumed equal o 1/2). 7 atoms are excited
per unit time, all being raised to the state | + >*. An atom decays, by spontaneous emission of
radiation, with a probability per unit time of 11, which is the same for the two sublevels =)
We know that, under these conditions, an atom which was excited at time — 7 has a probabi-
lity e ~/* of still being excited at time ¢ = 0 {¢f. complement Ky ).

We assurme that the experiment is performed in the steady state : in the presence of the
fields B, and B, (¢}, the atoms are excited at a constant rate » into the state | + >. After a time
much longer than the lifstime r, what is the number & of atoms which decay per unit time
from the state | — »? If an atom is excited at time — ¢, the probability of finding it in the
state | — > at + = 0 is e7*P, _{1), where #, _(1) is given by relation (27). The total number
of atoms in the state | — ) is obtained by taking the sum of atoms excited at ail previous times — ¢,
that is, by calculating the integral:

Jme“”‘?+_{r] ndr (28)

This calculation presents no difficulties. Multiplying the number of atoms thus obtained by
their probability 1/t of decay per unit time, we obtain:
2
93]
N== 1 (29)
2 (dwf + ot +{i/7)

The variation of & with respect to Aw corresponds to a Lorentz curve whose half-width is:

L= ew! + {1/ (30)

In the experiment described above, let us measure, for various values of the magnetic
field B, (that is, with @ assumed to be fixed, for various values of Aw), the number of atoms
which decay from the level | — >. According to (29), we obtain a resonance curve which has
the shape shown in figure 4.

It is very interesting to obtain such a curve experimentaily, since one can use it to
determine several parameters:

— if we know o and measure the value B of the field B, which corresponds to the
peak of the curve, we can deduce the value of the gyromagnetic ratio y through the relation
y = — /By,

* In practice, this excitation can be produced, for example, by placing the atoms in a light beam.
When the incident photons are polarized, conservation of angular momentum, in certain cases, requires
that the atoms which absorb them can atiain only the state | + ) {and not the state | > ). Similarly, by
detecting the polarization of the photons re-emitted by the atoms, one can know whether the atoms fall
back into the ground state from the state | + > or the state =3

449




COMPLEMENT Fv

FIGURE 4

Resonance curve. To observe a resonance phe-
nomenon, we perform an experiment in which
n atoms are excited per umit time imto the
state | + >. Under the effect of a field B {r),
rotating at the freguency c/2w, the aroms
-mdergo transitions towards the state | — .
In the steady state, il we measure the aumber ¥ of atoms which decay per amit time from the state
| — %, we obtain a resonant variation when we scan the static fleld 5, about the value — wyy.

1 BG
— wfy

— if we know vy, we can, by measuring the frequency w/2z which corresponds to
resonance, measare the static magnetic field B,. Various magnetometers, often of very great
precision, operate on this principle. In certain cases, one can derive interesting information
from such a measurement of the field. I, for example, the spin being considersd is that of a
nucieus which belongs to a molecule or te a crystal lattice, one can find the local field seen
by the nucleus, its variation with the site occupied, etc.

— if we trace the square I* of the half-width as a function of w?, we obtain a straight line
which, extrapoiated to w, = 0, gives the lifetime 1 of the excited level (cf. fig. 5).

F Y L
//,}/’
ff’
T
/,’f 5
1 /’I/ FIGURE
(7) 4 The extrapolation to @, = 0 of the squared
haif-width L of the resonance curve of figure 4
0 : w 12 gives the lifetime of the level being stndied.
3. Relation between the classical treatment

and the quantum mechanical treatment: evolution of ( M )

The results obtained in §§1 and 2 are very similar, although we used classical
mechanics in one case and quantum mechanics in the other. We are now going to
show that this similarity is not accidental. Tt arises from the fact that the quantum
mechanical evolution equations of the mean value of & magnetic moment
placed in an arbitrary magnetic field are identical to the corresponding classical

gguations.
The mean value of the magnetic moment associated with a spin 1/2 is:
(M) =v<{S>{) (31)

To calculate the evolution of (M ) (¢), we use theorem {D-27) of chapter III:

73V () = ML HED (32
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where H({:) is the operator:
H(t) = — M. B(1) 33)

Lot us calculate for example the commusator [ M, H(¢)]. Using the fact that the
field components B,{r) and B.(¢} are numbers (¢f. note of §2-a), we find:
(M, H({] = — (S, S, B.lr} + S,B,(t) + S.B.(1]]
= - ?QB_V([)[SJ:’ Sy] - :}lB:([)[Sx’ S:j (34)

Using relations (14) of complement Ay, we obtain:
(M., H()] = #y* [ B,(0)S, — B,(1)S,] (35)
Substituting (35) into (32):

& a0 = I8 M0 — B M (] 36

By cyclic permutation, we can calculate analogous expressions for the components
on Oy and Oz; the three squations obtained can be condensed into:

LM = 7 VD0 < B 37)

Let us compare (37) with (6): the evolution of the mean value { M ) (¢) obeys
the classical equations exactly, whatever the time-dependence of the magnetic
field B(z).

4. Bloch’s equations

In practice, in a magnetic resonance experiment, it is not the magnetic moment of a single
spin that is observed, but rather that of a great number of identical spins (as in the experiment
described in §2-d above, where the number of atoms which decay from the state = is
detected). Moreover, one is not concerned solely with the quantity £, _{r), calculated above.
One can also measure the global magnetization # of the sample under study the sum of the
mean values of the cbservabie { M ) corresponding to each spin of the sample*. [t is interesting,
therefore, to obtain the equations of motion of #, called the Bloch eguations,

In order to understand the physical significance of the various terms appearing in these
equations, we are going to derive them for a simple concrete case. The results obtained can be
generalized to other more complicated situations.

a. A CONCRETE EXAMPLE

Consider a beam of atoms issuing from an atomic polarizer of the type studied in
§B-1-a of chapter IV. All the atoms of the beam™ are ir the spin state | + > and therefore
have their magnetic moments parallel to Oz. They enter a cell € through a small opening (fig. 6),
rebound z certain number of times from the inside walls of the cell and, after a certain time,
escape through the same opening.

* [t is possible to detect, for example, the electromotive force emf induced in a coil by the variation
of # with respect to time.

** For example, silver or hydrogen atoms in the ground state. For the sake of simplicity, all
effects related to nuclear spin are neglected.
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> > —_— w
— ’ |
A i
FIGURE 6
Schemaric drawing of an experimental device which supplies cell C with atoms in the state | + .,

We shall denote by n the number of polarized atoms entering the cell per unit time;
n is generally small and the atomic density inside the cell is low enough to allow atomic
interactions to be neglected. Morecver, if the inside walls of the cell are suitably coated,
colligions with the walls have little effect on the spin state of the atoms*. We shall assume
that there is a probability per unit time /T, for the elementary magnetization introduced into
the celi by a polarized atom to disappear, either because of a depolarizing coilision with the
walls or simply because the atom has left the ceil. T, is called the * relaxation time”. The cell
is placed in a magnetic field B(r) which may have a static component and a rotating component.
The problem coasists of finding the equation of motion of the global magnetization # (1)
of the atoms which are inside the cell at time . First, let us write the exact expression for 4 (1) :

#) = T 0 M6 > - 3 o8)

=1 =

In {38), the sum is taken over the ¥ spins which are already in the cell and which, at time ¢, have
neither left nor undergone a depolarizing collision. | (¢} ) is the state vecior of such a spin (i)
at time ¢ [we are not counting, i (38), the spins which have undergone a depolarizing collision
and have not yet left the cell, since their global contribution is zero: their spins point
randomly in all directions].

Between times ¢ and ¢ + de, 4 (r) varies for three different reasons:

{f) A certain proportion, dt/Ty, of the ./ spins undergo a depolarizing collision or leave
the compartmert, these spins disappear {rom the sum (38) and #(1) therefore decreases by:

QM) = — — A(2) (39)

(i) The other spins evolve freely in the field B{r). We saw in § 3 above that, for each
of them, the evolution of the mean value of M :

MOy = PPy M| (>
obeys the classical law:
d () = p M) x B{r) de (40)

Since the right-hand side of (40) is linear with respect to 4 ‘(z), the contribution of these spins
to the variation of (1) is given by:

dA(1) = yM{t) x B(r)ds {41)

* For example, for hydrogen atoms bouncing off tefion walls, tens of thousands of coliisions
are required for the magnetic moment of the hydrogen atom to become disoriented.
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{iii) Finally, a certain number, # dz, of new spins have entered the ceil. Each of them
adds to the global magnetization a coniribution j,, equal to the mean value of M in the state | +

. R
(p.o is parailel to Oz and |py| = 4| ;). M therefore increases by:
dH#(r) = nu, dt (42)

The giobal variaiion of .# is obtained by adding {39), (41) and {42). Dividing by d:,
we obtain the equation of motion of 4 (¢} (Bloch equation}:
d 1

—J‘fﬂﬂ):ﬂugﬂ?ﬂﬂ(f} + pH (1) % B(i) (43)

We have derived (43) in a specific case, making certain hypotheses. However, the main
features of this equation remain valid for a great number of other experiments where the rate
of variation of 4 () appears in the form of a sum of three terms:

— a source term (here n p,) which describes the preparation of the system. It would,
in fact, be impossible to observe magnetic resonance without a preliminary polarization of the
spins, which can be achieved through selection using a magnetic field gradient (as in the example
studied here), a polarized optical excitation (as in the example studied in §2-d above), cocling
of the sample in a strong static feld, etc.

. 1 . . . ,

— adamping term (here - ,ﬂ(r)) which describes the disappearance or “relaxation”
R

of the global magnetization under the effect of various processes : collisions, disappearance

of atoms, change in atomic levels through spontaneous emission (as in the example studied

n §2-d), etc,

— aterm which describes the precession of # (¢) in the field B(¢) [last term of (43}].

b. SOLUTION iIN THE CASE OF A ROTATING FIELD

When the field B{¢) is the sum of a static field B, and a rotating field B, (1), such as those
considered above, equations (43) can be solved exactly. As in §§1 and 2, one changes fo the
rotating frame OXYZ, with respect to which the relative variation of 4 (f) is:

!
(-C%/ﬂ‘) znug-—?RJ( + 94K X By {44)
ret
[where B, is defined by equation (10)].
Projecting this equation onte 0X, OF and OZ, we obtain a system of three linear
differential equations with constant coefficients whose stationary solution (valid after a time
much greater than Ty) is:

4
{x)s = — nug Ty ke
(dwy + ol + (T
w
(My)s = — nug - (43)

(Awy + o} +(1/T)?

2
{lg)s = nu Ty |ri - 2 CU; 2]
(do)f + ol + (1T
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The three components of the a‘zaﬂonary magnetization [ }S, When the field B, varies, have

resonant variations about the value By, = — ofy (¢f B2. 7). (
2 L iwa
curves (Lorentz curves of width —\/w{ + {1 T)?
7 .

same width).

s and (.# ;)¢ give absorption

. (#y)g gives a dispersion curve {of the
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FIGURE 7

Variation with respect to
dw = w — w, of the station-
ary values of the components
of A in the rotating frame.
One obtains a dispersion curve
for [.#,); and absorption
curves for (#,)g and (4;)5.
The three curves have the same
width, 2 /w? + (1/T;)?, which
increases with w,. They have
been drawn assuming that
@, = 1T {**half-saturation ),

The comments made at the end of §2-d above about the experimental interest of such

curves can be repeated here.

References and suggestions for further reading:

Feynman I (7.2), chap. 35; Cagnac and Pebay-Peyroula (11.2), chaps. IX §5,

X §5, XTI §2to 5, XIX §3; Kuhn (11.1), §VI, D.

See the references of section 14 of the bibliography, particularly Abragam (14.1)

and Slichter (14.2).
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