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Electric Fields Produced by the Propagation of Plane Coherent
Electromagnetic Radiation in a Stratified Medium

WILFORD N. HANSEN
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Explicit formulas are derived for the mean-square electric fields induced by plane electromagnetic radia-
tion in a two-phase, three-phase, and N-phase stratified medium. The first (incident) and last phases are
semi-infinite in extent. Boundaries separating phases are plane and parallel. Phases are isotropic with arbi-
trary optical constants. Simple relationships follow for special cases such as at the critical angle for a two-
phase system. Equations for reflectance, transmittance, and phase changes on reflectance and transmittance
are given. Details are given concerning the energy absorption process, especially in the two- and three-layer
cases. Equations for the N-layer case are in terms of characteristic matrices which can be readily programmed
for a computer.
INDEX HEADINGS: Reflectance; Transmittance; Absorption; Coherence; Spectroscopy.

REFLECTION spectroscopv deals with the reflec-
tion of electromagnetic radiation from one or more

phases, often in the form of a stratified medium of
several layers." 2 In general, the phases are absorbing-
even metallic. To understand the mechanism of ab-
sorption, and, in particular, to derive the spectrum of a
certain phase from the observed reflection spectrum, it
is imperative that the magnitude and direction of the
electric fields due to the radiation be known. The main
purpose of this paper is to derive explicit expressions
for the electric fields arising from coherent radiation in
a stratified medium comprising homogeneous layers
with parallel plane boundaries.

Reflection from a three-phase system is considered
first. Explicit expressions are given for reflectance,
transmittance, and phase changes. The dominant role
played by the mean-square electric fields is then de-
scribed, and the fields are derived. The derivation is
accomplished in a way to give physical insight into this
important three-phase case, and the equations for the
fields are explicitly expressed in terms of the reflectance
or transmittance and the phase changes.

The simpler two-phase case is discussed separately
because of its importance and because simple equations
of great utility can be easily derived from the more
general theory.

Finally, a system of N phases is considered, i.e., N-2
parallel bounded layers between semi-infinite initial and
final phases. In this case the reflectance, etc., and fields
are given in terms of matrices characteristic of the
stratified medium. The physics of the interaction is not
as apparent from these equations as it is in less general
cases, but the equations are explicit and in a form easily
programmed on a computer.

DERIVATION OF EQUATIONS

A. Three-Phase System

We consider here the general case of plane-wave
radiation interacting with a three-phase system, as

1 N. J. Harrick, J. Opt. Soc. Am. 55, 851 (1965).
2 W. N. Hansen, T. Kuwana, and R. A. Osteryoung, Anal.

Chem. 38, 1810 (1966).

shown in Fig. 1. The phases are isotropic and homo-
geneous with plane boundaries, as indicated. The
initial phase is transparent while the optical constants
of the second and third phases can have any values
whatever. The optical properties of each phase are
characterized completely by three constants (if the
permeability ,u is complex, four constants are required)
which are functions of wavelength, e.g., the dielectric
constant, e, the magnetic permeability, ., and the con-
ductivity, a-. An alternative set is 4u plus the complex
dielectric constant e E+i4 7r-o-/, where co is the angular
frequency. Still another set of constants is used in
optics, 4u and the complex index of refraction, X, which
we choose to express as fi=n+ik, where n is the usual
real index of refraction and k is called the extinction co-
efficient. The complex index is simply related to the
previous constants, h22=ue. Various other relations
among the constants are given in Ref. 3, p. 610.

The coordinates are as indicated, with the y-axis per-
pendicular to the plane of Fig. 1. Angles of incidence or
refraction are given by Oj, where the subscript is used to
indicate the phase involved. The thickness of the second
phase is h, although h/X will be used for convenience,
where X is wavelength in vacuo. It is also convenient to
define (j-nj cosQj= (n2h1j-n2 sin 2OD)'=Retj+i Imij and
O=- 2ir(1h/X) j. It is not at all obvious which roots are to
be taken to obtain the real and imaginary parts of (j.
It will be shown later that, if the time dependence of
the field is taken as e-it and k is taken positive for an
absorbing medium, both Retj and Imij must always be
taken >0.

Reflectance, Transmittance, and Phase Changes
Perpendicular Polarization (transverse

electric, TE)

Generalized Fresnel formulas for the complex re-
flection and transmission coefficients at a plane bound-
ary between two phases j and k for perpendicular po-

a. M. Born and E. Wolf, Principles of Optics (Pergamon Press,
Inc., New York, 1959), p. 61; b, p. 609,
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larization are4

AktjI.Ljtk 2I.ktj
rjjk = , hijk-

Aktj+)Ujtk Aktj+bljtk
(1)

light being incident from phase j.
The corresponding reflection and transmission co-

efficients for the three-phase combination of Fig. 1 can
be derived by a generalization of such coefficients for
the nonabsorbing dielectric case given, for example, in
Ref. 3a. The generalization consists of replacing e with
e (recall that e= e+i4 7ro/co) which makes n and Oj com-
plex, in general. The new equations are valid because
in the specialized Maxwell's equations from which they
are derived, absorption can be accounted for by re-
placing e with e in the formulas for the nonabsorbing
case.lb In a formal way then, the old solutions for the
nonabsorbing case still apply. Therefore, we can write
for the three-phase combination of Fig. 1,

rL12+r.L2 3 e2iO

r, = rl2e2 iO
(2)

The coefficient r refers to the reflected light in phase 1
while tsL is the ratio of the electric-field amplitude in
phase 3 at the boundary to the field amplitude of the
incident beam in phase 1. Note that these equations
retain this same form for widely divergent conditions,
including the case of strongly absorbing phases 2 and
3, or total internal reflection at either boundary. The
reflectance and transmittance of the three-phase
system of Fig. 1 are

Alz Re~ 3
R,= jr,[2, T,= l1tEB2. (3)

AU41

The transmittance is the fraction of the energy incident
on boundary 1,2 that ends up in phase 3. If we define
the phase change on reflection, bar, as the argument of
the complex reflection coefficient, rL, and bt for the cor-
responding phase change in transmission, we can write

b1r= argr1, and bt= argtE,. (4)

It is important to keep in mind that the 6's may have

Phase I

ni n,
6 I =n

Phase 2

n2 - n2 +ik 2

21 27 "2

FIG. 1. Interaction of plane wave in a three-phase system. Sign
conventions for parallel (II or TM) and perpendicular (I or TE)
polarized radiation are illustrated-the indicated geometry is for
zero phase change, in all cases. The symbol s refers to unit prop-
agation vector.

values relating to any quadrant of the complex plane.
Recall that the argument of a complex number z is
given by arg z= tan-' (Im z/Re z) for Re z> 0 and
arg z= tan-- (Im z/Re z)+7r for Re z<0. For Re z = 0,
argz=7r/2 for Imz>0 and argz=--r/2 for Imz<O.
For Re z= 0= Im z, arg z is undefined.

When numerical calculations are being made, es-
pecially on a computer, the form of Eqs. (3) is most con-
venient. For mathematical analysis, however, it may be
desirable to give the results in more explicit form, es-
pecially for those who prefer not to think in terms of
complex algebra. When multiplied out, the reflectance
is

R±12+RL 2 3ec4 Im±+R,12!iR123 e-2 Im-2 cos(86:23'-5 1 2 r+2 Re#3)

1+RL12 R12 3e-4 ImS+R,12sR12 3 e- 2 Jm/2 cos(8 23r+ 812r+2 Re#3)

The formulas for the transmittance can be written out in a similar form,

Al Ret 3
T. =

I t1l2 | 2 111.23 | 2e-2 I-O

4J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book Company, New York, 1941), pp. 492ff,

AZ301 1+R±1 2 R1 2 3e-4 Im`ORli 2 1RX2 3 re-2 Im-2 cos(8±2 3 r+ k l2r+ 2 Rei)
(5b)
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Parallel Polarization (transverse magnetic, TM)

The corresponding formulas for parallel polarization are

eke;- ej$k

r, Iji.
ekj+ ejk
ri112+ rii2 e2ifr ,= .r 3e2iO2

RI.I,= |r., 2,

HJIk 2 ektj
tiIjk = - =

H.,j0  
gk-;j+ ejtk

1l 1 12t,,23e io
t11llI= NO

1+ r, 112r 1 23e~i

T 3 Re(03/i3 2)l

bt coSll/ni

(6)

(7)

(8)

(9)

(10)

(1la)

/931il\ 2 3 n1

tEII= II I t,= - -ta,II,
\A 1 e3 ) m 91I 3

a,,' I= argtE, 1,5Ir= argr,,I

R,,1 2+R,, 23 e-4 
I-+[R , 1 R2- R,123-'e-2 Jm-2 cos(511 23 r-611 2r.+2 Re3)

1+R,112R,123 - Imf+RI121R,,23' I-#2cos(5II23a+,II2 r1 2 Re03)

(1 lb)
T U=3 Reo3/s 1 32) + R±, 12

1R2 1,2 3
1e2e-2 sm + +

,ul cosollnI l+R,,l2R,123e7' I+RI I 21R,,123'- Im#2 C0S(3,,23'+B,,12I+2 ReO)

Equations (5) and (1la) differ from those derived by
Vafsicek5' 6 for an absorbing film on a metal. Vagifek's
equations are not exact because the arguments of the
cosine terms in the numerators and denominators of
his equations are identical.

According to Poynting's theorem, the real part of
the divergence of the complex Poynting vector S equals
the energy dissipated per unit volume per second from
the electromagnetic field at any point.7 (gaussian c.g.s.
units are used in this paper.) It can also be shown that
this quantity is related to the conductivity, u-, at the
frequency of the field, and the complex electric-field
vector E by

Re(V *S) = - E E*= -a(E'), (12)

where (E2 ) is the mean square of the real electric field.
The conductivity is related to the optical constants as
follows

ia =nk Rv, (13)

where A is the magnetic permeability and v is the fre-
quency of the field. We see from these relationships
that the mean-square electric field and the optical prop-
erties as a function of frequency define the absorption
process at any point of interest.

The formulas for (El) at any point in the three-phase
system of Fig. 1 will now be developed.

A. Vasek, Optics of T1hin Films (North-Holland Publishing
Company, Amsterdam, 1960), p. 330.

6 A. Vasictek, Opt. Spectry. (USSR) 11, 128 (1961).
J. A. Stratton, Ref. 4, p. 137.

Field ITtensities Perpendicular Polarization

The complex electric field in the incident phase is the
vector sum of the incident plane-wave field and that of
the reflected plane wave,

E =El t exp(iki t -r- iwt)+E1 Olr exp(iklr r-iwt). (14)

The resultant wave is not plane. Since its x and z com-
ponents are zero, this field vector has only a y compo-
nent. At the origin at time zero,

EL==Eiot+Eljr0(r, t=0).
Now let

E.Ll?= r.LE.Ll,=R.Ll exp(ib.L)Eiiot,

(15)

(16)

where ri is the Fresnel reflection coefficient and b r the
phase change on reflection for TE polarization. The
time-average value of the real part of E±1 squared is
given by8

(E1 1
2

) = 2 (E 1 * E1L*) (17)

and

(E 1
2 )/ (EllO t2 )

= (exp~i (kj1 * r-cot)]+r exp[i(kir * r-wt)]}
X {exp[-i(kj1 *r-wt)]+r,* exPE-i (kj, *r-cwt)]

(18)
or

(F'11
2 )= 2 (1+Rj)+Rii cos[&y

+ (Rifr . r-kit*r)] (I [f)2. (19)
8 See Ref. 7t p. 136,

and for T.,
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All quantities in Eq. (19) are real. Further,

27r
(kir r- kit . r) = -nlE (x sinGl- z cos0l)

- (x sinOl+z cos01)] (20)

and

E 1 2=E 12
0 t exp(ik 2

t r-icot)+El 2Or exp (ik2 r r-ict) (30)

and

= -- nl cos6lz= - (47,r/X)iz
x

and

(E,1
2) = 2 (1+R,)

+R,1 cos[&r- (47r/X)iz](E 01t= 1). (21)

In phase 3 the electric field has no reflected compo-
nent. Therefore,

E13=E±3 t exp(ik3t r'-icrxt), (22)

where r' refers to boundary 2,3, i.e., r'= (x, y, z-h);
and

(E13
2) = (E1 3 E1 3*) 1 ( tE 30t* expE-2 Im(k 3 t * r')]

= I t 12 expE- (4-r/X) Imn1 (z-h)] (E1
0t)2.

(23)

In the second phase, the general electric-field vector
is given by the sum of two plane waves9

12=E 12
0t exp (ik2

t r-icot)+E, 2 Or exp(ik 2 r r-iwt). (24)

At the origin E, 2 =El because of the transverse con-
tinuity of the electric field, and therefore

El21+El2'= Elit+E1r. (25)

The transverse component of the magnetic field is also
continuous. Since for a plane wave10 H= (e/,uz)'sXE,
for TE polarization,

HTE2= ) S2'XEi2'+ - S2'XEl2r (26)

and
e2 (1

HTE2x = -) (-_C0S02El2'+C0S02El2')
/-2

=t(-E 1 +2
t±EL2r). (27)

112

A similar relation holds for phase 1. Therefore, at the
boundary

(E11
t-El 1r) = (EL2

t -El 2 r) (rz= 0). (28)
42A1

From Eqs. (25) and (28)

/ 41I'2\ ( 01bL2\ 1
2E12

t= 1+ El t+ 1-- rlEllt

~2A ~ 241) (r-z= O) (29)

2EI2'= (1-- El,'+ (1+- r-LEi.1
42A1 02Ul

9 See Ref. 7, p. 511.
10 M. Born and E. Wolf, Ref. 3, p. 23.

E12 27r \-27rt2
= exp i(2 sin02 x-iWt)[ (±+r) cos ( z)

+1 (1-ri) sin (-Z)].
42241 x

(31)

Allowing El?' = I and recalling that 42 sinO2 -=n sin~l,
which is real, we have

E12= exp[i(-ni sin~lx-c t)][ (1+r,) cos(-z)

+i-~A2(1-r,) sin(-Z)2z
42A1 x )

and
(E1 2

2)= 2 (E12 E 12*) = 2 (El2E 2 *).

(32)

(33)

Parallel Polarization

In phase 1 the electric field due to incident and re-
flected plane waves of parallel polarization is

E,, = E,, 10 Iexp (ik 1, r - it)
+E,,0 r exp(ikir r-iwt), (34)

and the corresponding magnetic field is

El I
HTMi HTMl+±HTM1r= -)%(stXEitslrXEillr),

(35)

where HTMl refers to the magnetic field in phase 1 for
TM polarization. The phase relationship between
initial and reflected waves is somewhat arbitrary. The
usual conventions result if we set

HTM r=r rHTMlt=Ri exp(ia Ir)HTM1j(r.*= 0), (36)

where rY, is the Fresnel reflection coefficient for TM
polarization and 6,,r is the phase change on reflection.
From this and the fact that E = - (gu/ ) sXH,

and

and

E,,r=( -(S)1 rXHTM1r

E,11.r= -cosirF, 11t

E1 lz2 r=sinG,r,,E,,1 t(r z=0)

(37)

(38)

and, setting the signs of E,,,r and Ellt the same as
HTMlr and HTM1'

E, lr= r,,E,,lt(r-z=O). (39)

383March 1968
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Now we can write down the time average of the square
of the real electric field, viz.,

(I,', 1 12) = ( E, 1 El, * 1) =(E-|l, 1,)+ (l,, Wl ), (40)
where

(F1, 1 2)= cos2 01[E (1+R,,)

-Riil cos(5lt1-47w(z/X%)ji(E I pt)
2  (41)

and

(El ,,2) = Si-i2o[ !(t+R,,)+R,,i

X cos (5 1 -47r-X)] (E, s t)2.

In the second phase

E, 12= E 2 t 12 expTr,

where qt = (ikt.r-iat) and qr,= (ik2r-r-iiwt). This gives

E112= - (- (S2X(HTM2 t ex-p t +s 2rX HTAI2 r exp71r).

(44)

By examining Maxwell's equations (given for example
on p. 609 of Ref. 3) for the case of no free-charge density
and with conductivity, o-, formally accounted for by a
complex dielectric constant, we can see that they are
unchanged by the substitution of H for E and -u for
e. Therefore, this same substitution can be made in
equations derived from Maxwell's equations, i.e., the
roles of E and H and e and -u can be interchanged.
Note also that since h = (pe)1 this interchange doesn't
change n or t. However, r, is changed to r,, and vice
versa. Making these substitutions in Eqs. (29) we get

(42) HTM2
1 = 1[ (1±62)+ (1 _ j2\r, ],]HT l

and 2l \ 2E/ (r*z=0).

HTI2 =-[(1- )(1-rlf HTM,1 J

(43) 2 2'El 42E

Recalling that

HTl1t=(-i) SlAXEl
a41

and using Eqs. (37) and (44) we have

(46)

A 2\ 1/ (1e2\ (12 - e\
E,12=--- s~tX - I+- + 1-- r,, -) sIXE,,Pltexpe1}

2J -2 42eft 4261 - 1

+S2rX L- 1-)+ t1+-)r, ~-) si'X E,, lotexP?7r

= (cos02, 0,- sin62)E,,Po y-) - 1[(1+-)+ (1--)ra l] expnt }
+ (-cos 2, 0, -sin62)E,1j -) - _[( - )± (1 +-)r ,] explr }

or2 2 2E1 42
or

E,,2x =exp(ii_ 2 sinO2X-iCot)[cos~l( 1-r,, ) cos(24 2 z) + (1±r ) sin(-4 2 z) ]Eii l t

and ) 27r 2 n2 sinO2  / 2
471\ 12 sinO2  27r

E2.= -exp iki 2 sinO2 x- i&t - -n (1+r,,) cos -42 Z)+-- cos6l(1-r, ) sinK-42z)jE
All wc922 s r2 J

Keep in mind that i12 sinO2==n1l sinG1 which is real. Now where IHI is given by Eq. (7). Therefore,

(E, 22) = 2 (Ei 2 * E1 12*) = 1 (I E, i2. 2+ Ei i2z 1 2)

= (E 122 )- (E,122),

since the y component is zero.
In the third phase

el H
HTM3 = HTNa'I~lltz,= -z sl'X E,,11 r,n,(r- z= 1),

(49) E,_3_=- A3 s 3tXHTM3t= (cos03, 0, -sin6 3 )

1

(50) X (- tirlE,,lt (r-.=h)
e,,U1

(47)
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E i, ) HI Ell t=- IEIE,,l t (r-* = h). (52)

The general expression for the electric field anywhere
in the third phase is given by

(53)

where r' is the position vector relative to the point
(0,0,h), which is on the 2,3 boundary. Therefore, from
Eqs. (51)-(53)

/ 2 7r
E,,3 =cosO3 tE, E1 1l exp -Xhn 3 sin 3 iWt)

r27r
X exp i-4 3(Z-h)]

(54)
/27

Esj3z=-sinO3tEl ,EI lt expis-Xi% sin03 - iCi)

r27r 7
X exp i-43(Z-h)2

and

(E, 1 32)=2Tt, 2 exPE-41r Ini3 (Z-h)/,N]E,,ot

1 = 3 2
(E,, 3X2) - -- t~jI expE-4 Iw M~ 3 (Z- )/X]E,, 1 0

t 2

2h 13

(55)

(56)

1 nl sin61  2

(E,1 3z2) - _ tE I exp[- 4r Imn3 (z- h)/X]E 1 , I0t2.
2 113

(57)

B. Two-Phase System

General Equations

The general equations above encompass the im-
portant simpler two-phase case. Some of the equations
for this case will be stated explicitly and important
aspects will be described. Some aspects of the two-phase
case and for the case of a very thin film between two
phases have been discussed by Harrick' and by Harrick
and du Pr6.&" They give equations for the complex ampli-
tudes of the electric fields for the nonabsorbing, non-
magnetic, isotropic case, at angles greater than critical.

The reflectance and transmittance for perpendicular
polarization follow directly from the above three-phase
equations and are given by

where

1I Ret 2
R,= I rL 1 , and T 1 =- tEl l 2,

A12 61

and tEI= 1112=
M241+/ZI02

(58)

(59)

"N. J. Harrick and F. K. du Pr6, Appl. Opt. 5, 1739 (1966).

Likewise for parallel polarization we have

1121112 ~2
R.,= l, 12, and T, =- - Re -2- HII 12,

Al 41 h22

where
e21- E12 2e26

ri = r,112= ~ tfl =Iti112=
e21±+ E1l2 e2 i1+ IEI2

and
12 nl

tEl, i--tH[ 1.
ILI 112

(60)

(61)

(62)

The mean-square electric fields are given by

(E.,2) 2[ (1+R1) +R, cos(3,&-47r (z/X) %1)]E±1
0t2, (63)

where r1 =R.L exp(i r) and z is negative in phase 1,

(E12 2) = 2 | t,, 12 exp(-47w(z,/X) Imt 2 )EL
t 2

(E, 12
2 )= - tE l2 exp(-47r Imt2 (z/X))E, 1 01

t2

(E, X2) = cos 2
01[2 (1+R,,)

-Rill,3 cos(6, r- 47r(z/X%) 4)E, I l~t2

(E, l2)= sin 20 iE2 (1+R,,)
+R, 2 cos(3,,1 -47r(z/X) 01]El, l~

where r,,=R 11i exp(i6..r),

1 X 2 22 z
E,1x2)=112 xp-7-I~2E 1

1 nlsin6 1
E,2z2)= - El

2 nh2

2 exp(-Z4ir-

(63a)

(64)

(65)

(66)

(67)

(68)

It is convenient to assume E,1 0t and E1101t to be unity
and to leave them out of the above equations. In this
case (El 2) and (E,, 2) each equal 2.

Examples of Fields in a Two-Phase System

For two transparent phases, at the boundary

1 2,4201 2
(El'2) = (E12

2) = - (E,10t)2(r. = 0)
2 11241+±112

/E1iu2\2 2E221 2

2 1E2,l 62t1+ 61t2

(69)

(70)

If we make the usual assumption that y = 1, and the
convenient assumption that E±L1 t and E,,F' equal unity

~Efor 01•O0,
2012 Fn 1+ f2o)2
2012

=~ for 01> A,,
nl2-n22

(71)A=1

E, P1= 1

March 1068 385
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0 )O ?0 30 40 14c 50 60 90
Angle of mnc'dence

FIG. 2. Mean-square electric field in air at the surface of glass
as a function of internal angle of incidence for I polarization,
(E,2 ), and for 11 polarization, (E'2)+ (E0

2). The indices are:
1t= 1.51, 112=1.0, and k2 =O.

(E, ,22)=2( ) for 01<0, r-z=0
n2 cos~l+nl COS02

-2 for 0Ž> 0I E,,?'= 1
(n2 COS01)2- (ni Cos02 )2  (72)

At the critical angle, the TE and TM fields at the inter-
face in phase 2 are a maximum given by

where the z field is very large compared to the field in
the first phase. As the second phase becomes absorbing
the z field decreases blt is still large when K2=0.05, a
typical value for a strong absorption band of an organic
in the infrared (K2 = k2 /)12, cf. Appendix B). At the same
time, the x component increases from zero. As K2 gets
very large, typical of a metal, the z component gets
small while the x and y components remain rather
constant.

From Eqs. (21) and (40),more details of reflection from
absorbing phases become evident. One interesting point
is that while many authors state or imply that there
is a node at the surface of a highly conductive metal,
this is not true for parallel polarization. For example,
at 0i=450 and R., near unity (typical of silver, gold,
aluminum, etc.), Eqs. (40)-(42) show that the total
parallel field, (E. 2 )+ (F2E), is constant and equal to
about twice the incident field, right up to the boundary,
regardless of how great k2 becomes. Other angles,
except near normal and near grazing also give large
fields at the surface in the case of parallel polarization.
This has important implications in obtaining spectra of
molecules chemisorbed on metal surfaces. Figure 5
shows the fields for the case of reflection, where
fl2/fl= 0.2 and K2= 10. As is always the case at 45°, the
total parallel field in phase 1 is constant, right up to the
boundary.

C. N-Phase System

The methods of calculation of this section are based
upon the work of Abeles'2 for a stratified medium. Inso-
far as practical, the symbolism has been made parallel

(E1
2 )= 2 1 l E t = 1

(E, X2) = 0 . r-j=O
(E 2) = 2 (nit/n2)2 0=0

(73)

At grazing incidence all fields go to zero at the boundary
because the incident and totally reflected field are
exactly out of phase. This is also true if phase 2 is ab-
sorbing. At normal incidence

(E,.2)= (E,11. 2= 2(
nl+'n2 h

(E. IZ2) = o

EPot= 1

r-0=O
01= 0

,2

- 10

(74)

In Fig. 2 are plotted the fields at the surface of glass
at which internal reflection is occurring. Note the simpli-
fying features discussed above. In Fig. 3, curves for a
transparent silicon prism are given. Note the extremely
high field perpendicular to the surface near the critical
angle. In the case of germanium (nl=4) the value of
(E,122)/(E,, t2) would reach 64 at the critical angle. The
maximllm value of (E1t2)/(TE1t2) is always 4.

Figure 4 shows what happens to the fields at the
boundary in a phase of nl2 = 1.4 against germanium in
the infrared. The angle of incidence is the critical angle

I > -.- h ! I
0 10 'C 20 30 40 50

Arql4 J , 'j--
60 70 80 90

FIG. 3. Mean-square electric field in air at the surface of silicon
as a function of internal angle of incidence. The indices are:
ui=3.4, 112=1.0, k2=0.
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to that of Ref. 3, Sec. 1.6. However, the formulas for
reflection coefficients, etc., which are similar in form to
those of Ref. 3, are more general, applying to absorbing
media. Their component terms must be evaluated as
described in this paper. Assume homogeneous, isotropic
plane-bounded layers with otherwise arbitrary optical
parameters, between semi-infinite initial and final
phases. Light is incident from the initial phase, which is
conveniently assumed transparent. We first calculate
the reflectance, transmittance, and phase changes. We
then derive expressions for the mean-square fields
everywhere, in terms of the reflectance (or trans-
mittance) and phase changes.

Reflectance, Transmittance, and Phase Changes

In this general case, with N- 1 surfaces of discon-
tinuity at Z=Zk(k=1, 2, * * * N1-1), there is a matrix
Mk characteristic of each space Zk-l<Z<Zk and for the
final region z>ZN-1. The tangential fields at the first
boundary, z=Z =0, are related to those at the final
boundary, Z=ZN-1, by

-UU N-, UN-
N-1I,= M2M3 .. *A* N-1 =M[ 1, (75)

-1 -VNV-12 VN-12

where M is the characteristic matrix of the plane
bounded layers as a group and Uk and Vk are the tan-
gential components of the field amplitudes at the
boundary k. For TE polarization, U1 = EYO and V1 = H2.
at boundary 1, and the analogous relation holds for
boundary 2. For TM polarization at boundary k,

uJ uj

-I 8 -I 4 -1.0 -6 -. 2 0 .2
z /X

FIG. 5. Standing-wave fields in phase 1 for metallic reflection. The
optical parameters are: nl = 1.5, n2 =0.3, k2=3, and °1= 450

U k = H °0 and Vk = E.0 . The characteristic matrix for
the jth layer is given for TE polarization by

cosoj - silloi
Pj

Mj -ipj sinBj COSoj ,
(TE polarization) (76)

where f3= (2r/X) tjhj, and pj = (ej/luj) cos0j. For TM
polarization we can interchange e and -, to get

cosoj -sino3i

M= -q , (TM polarization) (77)
-iqj sinoj cos~j

where qj= (g/lej)i cos0j. From (75) we can derive the
reflection and transmission coefficients of the stack

E, 1Or (m11+ml2PN)P1- (m21+m22PN)

E,10t (M11+m12PN)P1+ (m21+m22PN)

ENOt 2pi

Ez,1t (m11+m1 2PN)P1+ (M21+m22PN)

Hy?"~ (m11+ml2qv)ql- (m21+m22qN)

H, 1yt (m,,+m12qN)qj+ (M21+± n22qN)

l yNOt 2 q1

H,1ot (m± inl2qN)ql+ (M21+m22qN)
till I

I I I i I I I
0 2 4 6 .8 I 12 14 16 18 20 tEI= II.N/l UIA (nl/IIN)tIII.

K2/n2

FIG. 4. Dependence of mean-square fields in the last medium
on the extinction coefficient. The optical parameters are: ni=4,
nf2= 1.4, k 2 varies, and 01= 20.50.

(78)

(79)

(80)

(81)

(82)

In these equations, the mij are the elements of the
matrix M given by (75), which is characteristic of the
stratified medium.
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From the above equations

R±= I rL 1 2, 5l&= argr1  (83)

,U1 Re (fi coOSjN) I
TL = e CSN | 2, 5lj = argtEi (84)

Prnl cos~i
R., = J r,, 1 2, 41 I I' = a~rgr,,1 (85)

T UN Re (N CoSoN/IN2) 1 2, 3It=argtEll. (86)

,uinl cos~j/nl2

Field Intensities

The fields at a general point in the stratified medium
will now be derived. It is convenient to use the recipro-
cal of M, which we will define as N, i.e., N1M=I where
I is the unit matrix. From Ref. 12 we know that
Q1=M2 (z)Q2(z), where Q, is a matrix at boundary 1,
M2 (z) is the characteristic matrix of phase 2 evaluated

at a position z in that phase, and Q2 (z) is the matrix
relating to the fields at position z in phase 2. The
matrix Q is defined by Eqs. (90) and (91) below. Multi-
plying both sides from the left by N2 (z), the reciprocal
of M2(z), we get

Q2(z) =N 2(z)Ql,
and in general

2
Qk (z) = Nk (z) H NljQ1,

j=k-1

or
N-1

Qk (Z) = Nk (Z) H MjQN-1.
j~_k

So Eqs. (88) and (89) give the fields throughout the
stratified medium in terms of the fields at the first or
last boundary, which are in turn given by r and t.

To be more explicit, for TE polarization,

,=[U] =[E-o= [EiOt+EP1 = 1+r1  E,,Ot

V1 HL1, L Ilt±+H.ior -Pi(1-ri)i

r~~y-11 r~(-1) 1 ~(-1) r E 1QN-1 ] [(N) = [H:((: = [ IEyit
VN-1-Hs( N-,-1)) sn( (- Z(1))E

~ 27r \ (2-r
COSt-( (-k1J -sin -(k (Z- Zk-1))

Vk(Z) Pk .

ipk sin -(k(Z-Zk-1)) Cos -(k (Z- Zk-1))

The values of the Mj are given by Eq. (77), or Nj
be had by merely changing the signs of the nega
terms inside the brackets. From Eqs. (88) or (89'
can now calculate

and)=

and

can For the magnetic field we have
Ltive /27r\
) we HTEkx= Vk(z)exp ilnsin~jx-iwt

\X
and

27r\
(93) HTEkZ = Wk (z) exp i-n 1 sinjx- ic1t)

gv. .
giving0

HTEk= (Vk(z), 0, Wk(z)) exp i-nisin~ix-icot
XIElk= Uk(z) exp(i-fn sinOix-icit). (94)

This equation can be compared directly with Eq. (32).
The mean-square field we seek is given by

KElk2 )= 2EikElk* = 2 I Uk(Z) I (95)

(96)

(97)

(98)

Here
Wk (Z) = nl sindl Uk (Z)/Jk- (99)

We can obtain the foi-mulas for TM polarization im-
mediately by interchanging H and E, and e and -,.t in
the formulas for TE polarization. Thus,

Q[U] LHV10] [HylO t ±+HlP][ 1+rH]

Q1 V, = E,:10 E.lOt+ ExOr -ql(1-r,i,)

[UN-1] HY VN-1)0 HYo ]=, I 1HH_____QN-1= [j E:1O [: = K 'II ]H Yioe

VN21A E x N-b E.nn-. (PqaII(0
121;. Abeles, Ann. Phys. (Paris) 5, 596 (1950).

(100)

(101)

(87)

(88)

(89)

(90)

(91)

(92)
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[Cos( kk(Z-Zk-l) )

Nk(z) =
27r\

iql, sin -Sk (Z- Zk-1)

/27r
HTMk= Uk(z) exp ini sinOix-iW)

27r
Elks= V*(z) exp i-ni sin0ix-icot)

E,1,k.= Wk(Z) expt i-ni sinOix-iwt),
= X

/27r\
E,, k= (Vk (Z) ,,Wk (z)) expt i-Alisin01x-icf ).

\X/

Here

Wk(z)=nj sin~lUk(z)/ek=uknl1 Sin0lUk(z)/hk2. (107)

For the mean-square electric field, we have

(E.Ikx')= 2| Vk(Z) 12  (108)

(ElIkzI)= 2| WkV(Z) 12 (109)

and

(E,, k ) = I Vk (Z) | 2+ | Wk (Z) |12). (110)

The usual convention is to take the amplitude of the
electric vector of the incident wave in phase 1 as unity.
It should be noted when calculating Qk (z) for TM
polarization that Hj1t=niE°t =nj for E10t equal to
unity.

DISCUSSION

The equations derived in this paper can be used to
understand the physics of the interaction of radiation
with a stratified medium in rather complex cases. They
are, however, complicated, except for special cases,
making it hard to visualize what results to expect. How-
ever, numerical calculations can readily be made by
computer; when these are plotted as functions of
various optical parameters, they clarify unknown opti-
cal behavior. We have used this procedure to develop
a number of successful methods of studying optical
properties.

The equations are true for any combination of ab-
sorbing and nonabsorbing films at any angle of inci-
dence. For example, they hold true for frustrated-total-
reflection interference-filter type calculations where the
angle of incidence is greater than critical. However, the
rules for choosing complex roots must be strictly fol-
lowed. In the present paper, (j must always be in the
first quadrant. More subtle is the case of the phase

(104)

(105)

(106)

angles, such as br used in Eq. (63). An equation like
Eq. (6), p. 625 of Born and Wolf' is not adequate for the
determination of bar (B. and W.'s p012), because of am-
biguities of signs of numerator and denominator.
Correct results will be obtained using the equations of
this paper if the signs as well as the magnitudes of phase
angles are carefully noted.

Even though the multilayer media referred to above
were assumed to comprise isotropic phases, some of the
equations are valid for anisotropic phases. When
dealing with TE polarization, for example, the only re-
fractive index that matters in any phase is the one per-
pendicular to the plane of incidence. Also, for TM
polarization at the critical angle, since the electric field
in the final phase is perpendicular to the interphasal
plane, the refractive index normal to the interphase
boundary is the only one having an influence.

The general equations derived in this paper will be
useful in ellipsometry, including ellipsometry in the
total-reflection region beyond the critical angle. The
accuracy of the approximate schemes now in use in
ellipsometry can be checked by numerical comparison.
The equations should also find wide application by
those people studying light propagation in multilayer
devices, such as laser-beam modulators.

SUMMARY

The main purpose of this paper is to derive explicit
formulas for the mean-square electric fields induced by
electromagnetic radiation in a two-phase, three-phase,
and N-phase stratified medium. A number of other im-
portant formulas are also given, in general forms not
found elsewhere. These include formulas for reflectance
and transmittance. The mean-square electric field,
rather than the field itself, is important. That is the
quantity for which relatively simple relationships exist.
No such simple relations exist for the electric field itself

127r (
COS -Ok (Z-4k- I))

(102)

giving
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when absorbing phases are involved. Equations are first
developed for the three-phase system. This system is
simple enough, even when absorbing phases are in-
volved, so that much physical insight can be had ana-
lytically from the equations in the form given. In the
derivation, understanding of how the fields depend on
optical parameters is emphasized. The two-phase case
allows even greater physical insight, and simple equa-
tions result for special cases without loss of rigor. An
example is the equations for fields at the critical angle.
The equations for the N-layer case are derived in a dif-
ferent fashion, and while their physical interpretation
is not simple, they are in a form easily programmed on a
computer.

APPENDIX A

Explanation of Symbols Used

(1) Digit subscripts refer to the phase involved,
counting from the incident phase as 1. When two nu-
merical subscripts are used, two phases are involved.
The subscript letters j and k indicate unspecified digits.
If no subscript is used, the phase involved is to be under-
stood from the text.

(2) Other subscripts: I or indicate polarization
(cf. below) and x, y, or z indicate vector component.

(3) Superscripts: 0 is used to indicate amplitudes of
E and H fields and their components, t is used to indi-
cate a wave traveling away from incident phase or
toward final phase (transmitted), r indicates a wave in
the opposite direction (reflected).

APPENDIX B

Choosing the Sign of Retj and Imtj

If we represent a plane wave propagating in a homo-
geneous absorbing medium j by Ej= Ej° exp(ik r-iot),
and choose the z axis as the direction of propagation,
we have

Ej = EJ° expl i[ (27r/X\)0jz -cot]}, (B 1)

where the quantity in parentheses is the variable
phase. The phase could equally well be chosen as
(wt- (27r/X) jz). However, the exp(-i iwt) time factor of
Eq. (Bi) seems to be the most frequent choice. The
mean-square field strength is given by

27r
1" (Ej Ej*) = 2' I Ej .0 I2 exp ij-j*

=U21Ej° 1 2exp -- ImtQjZ . (B2)

The field strength must, of course, decrease with z in an
absorbing medium. Therefore, for exp (- iwt) time
dependence,

lmŽj>O (time factor exist). (B3)

In a stratified plane-bounded system with transparent
initial phase, for the jth phase

(j= fj COSoj = (,hjl 1t2 sin'01)'= (x+iy)1, (B4)

where x and y are the real and imaginary parts of the
quantity under the radical. It is arbitrary whether
h=11+iflK, fl=1f-ih1K, A~n+ik, or h=n-ik where it,
K, and k are positive real; and all four systems are used
in the literature. The choice does, however, affect the
root of t that must be taken, as will now be shown. In
the four cases cited, if the sign of the last term is +
then y is positive; if the sign is -, y is negative. The
sign of x may be + or -. If y is + then x+iy lies in the
first two quadrants of the complex plane, and
(j= (x+iy)l lies in the first or third quadrants, depend-
ing on which root is taken. If Imj 1 0, as given by (B3),
the only choice possible is the first quadrant and

ReŽj>O, Imij>O (time factor exist , Imn',>O). (B5)

For this case, which is used by Stratton, Born and Wolf,
and others, we have shown that br and liar must be
negative for a two-phase system. They are generally
regarded as positive in the optics literature.

Peter Mueller (r., Tech Ops) at Holography III session,
Detroit; E. N. Leith, chairman,
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